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Temperature Dependence of the Elastic Constants of 
Thoria Specimens of Varying Porosity 


S. Spinner, L. Stone, and F. P. Knudsen 


(January 17, 1963) 


The temperature dependence of Young’s and the shear modulus of 18 thoria specimens 
of porosities ranging from 3.7 to 39.4 percent have been measured by the dynamic resonance 


method. 


The temperature range of the measurements was from 25 to 1,300 °C, 


The 


moduli decreased with increasing temperature in general accordance with the pattern ob- 


served for other polycrystalline materials. 


The relative decrease in modulus with tempera- 
ture for all the materials was essentially independent of porosity up to about 800 °C. 


Above 


this temperature the relative decrease in modulus for the high porosity specimens tended 


to be more rapid than for the low porosity specimens. 


Also, Poisson’s ratio for any particular 


specimen remained constant over the entire temperature range of measurement. 


1. Introduction 


In a previous paper {1]' data were presented on 
the relation between the elastic constants and poros- 
ity of polycrystalline thoria specimens, at room 
temperature. The present paper presents data on 
the relation between elastic constants and tempera- 
ture using representative specimens of 


previous study. 
Wachtman et al. [2] have already presented data 


on the temperature dependence of Young’s modulus | 
on a specimen of polycrystalline thoria having a | 


porosity of 9.3 percent in the temperature range 
from about —180 °C to 600 °C. The present study 
extends these data in the following three ways: 
1. Measurements were taken for specimens over 
a wide range of porosities (from about 4% 
to 40%.) 
The upper temperature limit of the data was 
increased, measurements being taken from 
25 °C to about 1,300 °C. 
The variation in the shear modulus as well 
as Young’s modulus with temperature was 
determined. 


2. Experiment 


2.1. Specimens 


From the previous paper it is recalled that three 
groups of specimens were measured and that each 
of these groups were divided into several subgroups 
of the same nominal porosity. It is also recalled 
that the specimens were rectangular bars about 
6<%X\% in. Since first measurements on two 
specimens of one subgroup (2-4-6-1 and 2-4-6-3) 
showed no significant difference in the relative de- 


1 Figures in brackets indicate the literature references at the end of this paper 


675063—63——-1 


varying | 
porosities selected from among those used in the | 


crease in modulus with temperature (and, as will 

be seen later, since very little difference was noted 

between specimens of different porosity from dif- 

ferent subgroups), all subsequent measurements 

were made on one specimen from each subgroup. 

TaBLE 1. Porosity and elastic moduli of all the specimens 
used in this investigation 


Number 
of runs 


Shear 
modulus 


Young's 


Specimen ¢ 
I modulus 


Porosity 


Kilobars 
835. 8 
720. 5 
723. 
634 
506. 6 
342. 
294 
197. 


Kilohars 
2135 
1834 
1841 
1606 
1245 
795. 2 
697.1 
425.0 


Percent 
2-4-)-24 6.95 
2-4-1 12. % 
2-4+4--3 12.2 
2-4-12-3 16. 
2-4-18-2 22 
2-4-24-1 28.7 
2-4-30H4 33. 32 
2+4-36-6 39. 3 


ee ee 


0-2+)-18 
0-2-4-6 

0-2-12-2 
0-2-18-1 
0-2-24-1 
0-2-30-1 


2290 
2021 
1583 
1067 
819.8 
186.7 


893. § 
794 
623. 
474. ! 
378. 


125. ; 


bo tO ho = DO tO 


4-7-)-37 
7-13-0-37 
13-24-0-27 
24-44-31 


1573 
1196 
1033 
996. 2 


626 
483. < 
419 
405. 7 





» Specimens are designated in same way as in previous paper [1]. Numbers 
before and after first dash indicate the nominal range of starting particle size in 
microns; number after second dash indicates nominal volume percent of filler 
used; number following third dash indicates particular specimen of a subgroup. 


Table 1 lists all the specimens measured along 
with the porosity and room temperature values of 
the elastic moduli of these specimens. 


2.2. Method 


The dynamic resonance method which was used 
for making these measurements as well as the as- 
sociated calculations have been described previously 
[3,4]. These calculations include a correction for 
thermal expansion. The data for this quantity for 
ThO, were obtained from Wachtman, Scuderi, 
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and Cleek [5], who used an interferometric method 
and from Geller and Yavorsky [6] who used both an 
interferometric and a dilatometer method at the 
higher temperatures. 

The final column in table 1 gives the number of 
modulus-temperature runs made on each specimen. 
For any set of runs for a particular specimen the 
fundamental flexural resonance frequency, overtones 
of this type of vibration (usually the first two) and 
the fundamental torsional resonance frequency was 
determined at the temperature of measurement, 
although not all these resonance frequencies were 
necessarily determined during each run. Young’s 
modulus was computed independently from the dif- 
ferent flexural resonance frequencies and the shear 
modulus from the torsional. The values of Young’s 
modulus, computed from these different flexural 
frequencies at each temperature, were not averaged, 
but were entered as separate points in the figures. 
Thus, the reproducibility of the determination of 
Young’s modulus was checked in two different ways; 
from the agreement of different runs and from the 
agreement of different resonance frequencies on a 
particular specimen at any given temperature. 
For the shear modulus, where overtones were used 
only occasionally, one relied mainly on agreement 
between separate runs as indicators of the repro- 
ducibility of the data. This reproducibility (taken 
as two standard deviations as determined from the 
scatter of the points shown in fig. 3) was estimated 
to be about 0.2 percent for both Young’s and shear 
modulus, which is about the value reported for other 
materials using the same method [7]. 

One further point should be noted concerning the 
determination of the torsional resonance frequency 
at elevated temperatures. In the paper dealing 
with the cermets [4] it was observed that if the 
specimens were appropriately suspended, then tor- 
sional resonance could be obtained along with the 
flexural. However, it was also noted that the tor- 
sional resonance frequency died out at a lower 
temperature than the flexural. This was attributed 
to the geometry of the specimens (mainly, an in- 
sufficient width to depth ratio); and, in the later 
paper [7], dealing with vitreous silica, torsional 
responses were obtained, along with flexural, up 
to the highest temperature of measurement by 
increasing the width to depth ratio of the specimens. 
In the present investigation, however, the dimen- 
sions of the specimens were about the same as 
those of the cermets, vet torsional responses were 
detectable, along with the flexural, up to the highest 
temperatures measured. It is not surprising to 
find that materials such as ThO,, primarily because 
of their low internal friction, will show certain 


detectable resonance responses under experimental 


conditions (such as temperature and specimen 
geometry) where other materials having somewhat 
higher internal friction do not. The upper tempera- 
ture limit of the measurements was determined, 
as in the previous studies, [4,7] by the increase in 
internal friction, associated with increased thermal 
vibrations [4,7] and grain boundary slip [4] rendering 
the resonance responses undetectable. 
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3. Results and Discussion 


Typical data showing the Young’s modulus and 
shear modulus temperature relations for all the 
specimens measured in the 2—4 u particle size group 
are shown in figures 1 and 2. 

One observes the characteristic pattern previously 
noted with other polycrystalline materials; namely, 
the fairly linear decrease in modulus with tempera- 
ture until some elevated temperature region is 
reached, in which region the modulus decreases more 
rapidly with increasing temperature. This more 
rapid decrease has been attributed to grain boundary 
slip [8,9,4] and is also believed to be the mechanism 
operating here. 

It is also noted that for a particular specimen the 
values of Young’s modulus as a function of tempera- 
ture appear to be independent of the order of the 
resonance frequency (whether fundamental or over- 
tones) used in their determination. As previously 
mentioned, it was this agreement along with the 
agreement of successive runs that was used to check 
the reproducibility of the data. 

A final observation is that in comparing the 
different specimens for both Young’s and the shear 
modulus, the steepest slopes in the linear portions 
of the curves, up to about 800 °C, appear to be 
associated with the highest modulus (lowest poros- 
itv) specimens. The curves of the specimens not 
shown follow the same pattern. They are not 
shown simply because it would have led to over- 
crowded figures. 

This final observation was tested more rigorously 
in figure 3 in which the relative decrease in both 
Young’s and the shear modulus, using the room 
temperature modulus as the reference value, is 
plotted as a function of temperature for all the 
specimens of this investigation. Each point in this 
graph represents an individual determination 
whether from successive runs or from the funda- 
mental resonance frequency or overtones (no aver- 
aging). When plotted on this relative basis, it is 
seen that up to about 800 °C, the decrease in modulus 
with temperature appears to be independent of the 
porosity of the specimens and of the particular 
elastic modulus (whether Young’s or shear) involved, 
within the precision of the data. Actually, a more 
careful analysis of the data shows that a slight poros- 
ity dependence of the relative elastic moduli with 
temperature does exist. However, it will be more 
appropriate to discuss this after a comparison of the 
results of this investigation with those of Wachtman 
et al. [2] and a consideration of the results of this 
investigation above 800 °C. 

The fact that there is no significant difference 
between the relative temperature decrease of Young’s 
modulus and the shear modulus means that Poisson’s 
ratio for a specimen does not change with tempera- 
ture. It will be shown later that whatever other 
changes may occur about 800 °C, this equivalence 
in the relative temperature decreases of Young’s 
and the shear modulus continues, so that Poisson’s 
ratio for a given specimen does not change with 





! . ‘ms. aT 
SPECIMEN POROSITY(%) SYMBOL SPECIMEN POROSITY (% 
A-2-4-0-24 6.95 | | | [A-2-4-0-24 695 
8-2-4-6-3 | 2.23 6€ 
| C-2-4-12-3 6.42 | 625 
0-2-4-i8-2 re) 5623 


B-2-4-6-3 | 12.23 


16.42 } = } 
E-2-4-24-1 71 4627 
0-2-4-18-2 22.00 | F-2-4-30-4 | 33 | 4772 
| | G-2-4- 36-6 37 | 372 
E-2-4-24-| 28.71 7 le FaaT fue 
F-2-4-30-4 ] 33.33 ] } ] ) SECOND RUN 
+ THIRD RUN 


G-2-4-36-6 39.37 








DULUS,kbors 


SHEAR MOL 


” 
. 
°o 

2 
x 
” 
| 
al 
> 
ra) 
oO 
= 
“ 
© 
2 

2 
°o 
> 











| ee 
400 600 800 1000 1200 1400 


TEMPERATURE °C 





FiGuRE 1. Young’s modulus versus temperature for a group of | Fiaure 2. Shear modulus versus temperature for a group of 
ThO» specimens of different posositu ThO, specimens of different porosity. 


f, is the room temperature value of the flexural resonance frequency (fundamental f-is the room temperature value of the fundamental torsional resonance freque1 
or overtones) of the specimens, of the specimens, 
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700 
TEMPERATURE °C 


elastr modu 


rature as 


FicurE 3. Ratio of 


those at room ten pe 


li at elevated temperature to 

a function of temperature for all 

the specimens of this investigation. 

represents a single determination whether from the fundamental or 

f flexural resonance (Young’s modulus) or from torsional resonance 
S Also, the points for most specimens are based on repeated runs 


Each point 


temperature over the entire temperature range 
under investigation. It is only because Poisson’s 
ratio does not change with temperature that one is 
able to compute Young’s modulus from overtones 


of the flexural resonance frequency as well as from 


any cross-sectional cor- 
ratio increased with in- 
as it does for some materials), 
the relative decrease in the 
shear modulus have been greater than that for 
Young’s modulus, but the apparent (uncorrected) 
Young’s modulus would be the 
higher the overtone used for its determination [7]. 
The results of this investigation and the previous 
one |1| concerning the effects of temperature and 
porosity on Poisson’s ratio are in contrast with those 
of Coble and Kingery [10] who made similar de- 
terminations on polycrystalline Al,O,. Coble and 
Kingery found ratio to increase with 
increasing temperature and to remain fairly con- 
stant with porosity except for a decrease at the highest 
value of porosity (50%), which they stated was less 
than the experimental error. In this investigation 
and the previous one {1} with ThO,, Poisson’s ratio 
was found to constant with temperature 


without 
Poisson’s 


the fundamental 
rection. Had 
creasing temperature 
then not only would 


decrease in less 


Poisson’s 


remain 
and to decrease with increasing porosity. 

The work of Wachtman et al. {2} with ThO, has 
already been mentioned. It is of interest to com- 
pare their results with those obtained here in the 
temperature range where the two sets - data over- 
lap (from room temperature to 600 °C). This can 
best be done in terms of an equation A h was de- 
veloped in their paper relating Young’s modulus 
to temperature and which was found to fit the ex- 
perimental data of all the specimens of their investi- 


gation. These specimens consisted of several 
different orientations of single crystals of Al,O; 
and some polycrystalline materials including ThO,. 
The equation was 


E=E,—BT exp (—7)/T) (1) 
where. F is Young’s modulus at 
T, in °K and Ey, B, and Ty are experimental pa- 
rameters having the following significance; EK) is 
Young’s modulus at 0 °K, 7) is a characteristic tem- 
perature and B is the value that dE/dT approaches 
as 7 increases. These experimental parameters 
were determined by a least squares technique. 
The differences between the experimental and caleu- 
lated values of / so obtained were well within the 
experimental precision of the measurements. These 
values were: 7)=181+43 °K, //F,= 1.0223 + 0.0002, 
and = B/E,=(1.367+0.004)X107' per °K where 
the indicated uncertainty is the standard deviation. 
ke, is the reference or room temperature value 
(25 °C) of F&F. (Wachtman et al., presented the 
latter two parameters in absolute and relative terms 
using E, as the reference value for the relative 
terms. The relative form is chosen here as more 
convenient for comparison with data over a wide 
range of porosities as presented in this study as shown 
in fig. 3.) 

The solid line in figure 3 is the solution of eq (1) 
using the above constants and shows graphically 
the agreement of the data of their investigation 
with this one up to the upper temperature limit 
(600 °C) of their measurements. The dashed line 
is the solution of the same equation with the same 
constants extrapolated above 600 °C. It is seen 
that at the higher temperatures (above about 
800 °C), the experimental points decrease more 
rapidly than the equation predicts. This is_be- 
lieved to be due mainly to grain boundary slip. 

A further step in this same comparison consisted in 
fitting the Young’s modulus-temperature data for all 
the specimens of this investigation determined from 
the fundamental and overtones of flexure and from 
repeated runs, from room temperature to 600 °C, 
to the same equation. This involved some 350 
points. Since no measurements were made in this 
investigation below room temperature, the char- 
acteristic temperature, 7)=—181 °K obtained by 
Wachtman et al. was also assumed to hold here. 
The problem of obtaining the other two parameters 
by least squares was consequently considerably 
reduced in complexity. The values so obtained 
were, /,/E,=1.0230+0.002, and B/E,=(1.405- 
0.006) X107* per °K. The slightly higher values 
of standard error associated with the constants 
obtained here as compared with Wachtman et al., 
is believed to be due in part to the effect of the wire ? 
suspension which was used in this investigation in 
order to be able to reach higher temperatures 
rather than the glass fiber used by them although the 
latter was a superior material up to the highest 
temperatures of their investigation. 


—— | 


any temperature, 


2 The suspe 7 wire used here was of the same material as in the two pre- 
vious studies [4, 7]. 
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The difference in the values of the parameters 
themselves in this study and that of Wachtman et al., 
on the basis of the associated standard errors, is seen 
to be statistically significant, and is also believed to 
be due, in part, to the difference in the suspensions 
in the two investigations. It should be noted, how- 
ever, that although significant, the difference in the 
effect of these two parameters on F is not large. 
The differences in B/E,, the most significant con- 
stant in the temperature range of comparison, be- 
tween this investigation and that of Wachtman et 
al., amounts to a maximum difference of about 0.2 
percent in the determination of #. This figure may 
be taken as a measure of the accuracy of the results 
of this investigation since it is based on a comparison 
with different measurements on the same material 
from the same source. Because of the large number 
of measurements, the uncertainty due to random 
errors in the determination of F is effectively can- 
celled out. 

As the temperature increases above about 800 °C, 
the spread in the experimental points is seen to in- 
crease. A partial explanation for this is the loss in 
precision in the measurements due to the increase 
in internal friction of the specimens associated with 
grain boundary slip stariing in this temperature 
region. However, this explanation cannot be the 
complete one since there is very little significant loss 
in precision up to about 1,150 °C and even at the 
highest temperatures reached it is estimated that the 
error is increased by a factor of about 3 (from 0.2% 
to about 0.6‘ whereas the actual scatter in the 
data can be seen to be much greater than this at 
the highest temperatures (more than 3°). 

Over and above this loss precision, a porosity 
dependence in the relative modulus-temperature re- 
lation develops, the more rapid decreases in the 
relative modulus being associated with the higher 
porosity specimens. This trend is illustrated in fig- 
ure 4 which is an expanded version of figure 3 from 
800 °C to 1,300 °C for a typical low porosity speci- 
men (2-4-6 porosity 12.3%) and a high porosity 
specimen (2-4—-36-6, porosity 39.4%). The points 
in the figure are also differentiated on the basis of 
the resonance frequencies from which they were 
computed. The upper curve is for the low porosity 
specimen and the lower curve is for the high porosity 
specimen. 

It also appears from the figure that any possible 
frequency dependence on the relative change in elas- 
tic moduli cannot be distinguished above the preci- 
sion of the data and within the frequency range used. 
However, since the highest porosity (lowest modulus) 
specimens have the lowest resonance frequencies 
while the lowest porosity (highest modulus) speci- 
mens have the highest resonance frequencies, it may 
be supposed that the above mentioned porosity de- 
pendence is actually a frequency dependence of the 
relative change in elastic moduli. That this is not 
the case may also be seen from inspection of figure 4. 
It is noted that the room temperature fundamental 
flexural resonance frequency of the high porosity 
specimen is 602 c/s, and the highest overtone of the 
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Figure 4. Expanded representation of figure 3 


to 1.300 °C for two specimens, one 
and one of high porosity. 


from 800 ay 
of relatively low porosity 


f, is the room temperature value of the resonance frequency 
frequencies are for torsional as well as flexural modes 
data from repeated runs 


The resonanc 
joth curves includ 


mode determined for the same specimen was 3,365 
c/s. The corresponding fundamental for the low 
porosity specimen was 1,248 c/s and the highest 
overtone, 6,566 c/s. The overtone of the high poros- 
ity specimen is seen to be almost three times greater 
than the fundamental of the low porosity specimen, 
yet the relative decrease in modulus for the high 
porosity specimen computed from the overtone falls 
on the lower curve while the elastic modulus for the 
low porosity specimen computed from the funda- 
mental falls on the upper curve. 

This porosity dependence of the relative change in 
elastic moduli suggests an additional reason for the 
slightly higher values in the experimental parameters, 
especially B/E,, and their associated standard errors 
for this investigation compared with that of Wacht- 
man et al. If the divergence in the relative elastic 
moduli-temperature curves is unmistakable above 
800 °C for specimens of different porosity, then 
it is reasonable to assume that the same tendency 
may exist to some degree below 800 °C and even 
below 600 °C even though not clearly noticeable 
above the precision of the data. Wachtman’s 
specimen was of a relatively low porosity so that 
the average porosity of the specimens of this study 
was higher than Wachtman’s. The higher average 
porosity for the specimens used here would result 
in a slightly higher value for B/E, and the greater 
range of porosities used here would lead to a larger 
value for the standard errors of the constants. ‘To 
check this further, the following procedure was 
adopted. All the specimens of this investigation 
were divided into four sections; the first section 
composed of the lowest porosity specimens, the 
second section composed of the next higher porosity 
spec imens and so on. Each section was then fitted 
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to the same equation as was previously done for all 
the specimens taken asa single group. If the above 
supposition is valid, then one would expect to find 
larger values for the relative slopes (B/E) associated 
th the higher porosity specimens as well as smaller 
standard errors for this parameter. The results of 
this analysis are given in table 2 as well as the com- 
parable results from Wachtman’s data and from the 
specimens ol this investigation taken as a whole. 


, 
if 


elat slope, B/E, 


ix nie st gal on, 


fro? 


wcordin lo 


7+0.004 


ndard de 


The difference in B/E 


between any two neighbor- 
sections can hardly be significant in themselves 


since this difference is usually considerably less than 


the related standard 
trend is consistent for all four sections, the higher 
values of B/E, always being associated with the 
highest porosity specimens, the pattern seems to be 
above the error in the determination of the parameter. 
The smaller expected standard errors in B/E, for the 
four sections did not develop because the advantaSe 
of a smaller range of porosities for each section was 
more than cancelled by the smaller number of points 
involved in each determination. It is also noted 
that Wachtman’s value for B/E, is lower even than 
for the section composed of specimens of lower 
porosity than used by him so that the difference in 
suspension material or some other experimental 
factor to account for the higher values of B/E, 
obtained here is not ruled out. 

Since grain boundary slip has been advanced : 
the reason for the more rapid decrease in mamiiies 
in certain elevated te mperature regions, it may not 

first be obvious why differences in porosity 
should be associated with differences in this more 
rapid decrease in modulus. One looks to see whether 
the grain sizes of the specimens were also different 
and if this, rather than differences in porosity, is 


errors. However, since the 


at 
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the cause of the differences in the relative decreases 
in modulus with temperature for these specimens. 
Ké [11] has already shown that the inflection in the 
shear modulus temperature relation associated with 
grain boundary slip will occur at a lower temperature 
(appear to decrease more rapidly) for specimens 
having smaller grain size. For the two specimens 
used for illustration in figure 4, however, no signifi- 
cant difference in grain size was observed, both 
specimens * consisting of grains of about 104. Never- 
theless, an increase in porosity of one specimen over 
another of the same grain size may result in a 
correspondingly greater decrease in contact area 
between grains per unit volume. This should in 
turn cause a more rapid decrease in modulus due to 
grain boundary slip in the more porous specimen, 
This is believed to occur in the specimens of this 
investigation. An analysis of the process involved, 
on the basis of a rather simple model, is presented 
in the appe ndix. 

The question now perhaps arises, how differences 
in the relative modulus-temperature slopes can be 
explained below 600°C where the decrease in 
modulus is predominantly elastic and not associated 
with grain boundary slip. The explanation appears 
to be that the temperature at which grain boundary 
slip is initiated is not sharply defined and a certain 
very small amount may occur at temperatures well 
below those at which it is observed in an obvious 
way (by an inflection in the modulus-temperature 
curve and an increase in internal friction.) Indeed 
the small, almost undetectable, differences in the 
relative modulus-temperature slopes below 600°C 
is believed to be a reflection of how slight grain 
boundary slip is in this temperature region. 

It may also be seen from figure 4 that for a specimen 
of a given porosity the relative decrease in the shear 
modulus, based on the torsional resonance frequencies 
is not different from the relative decrease in Young’s 
modulus, based on the flexural resonance frequencies. 
Thus, the observ: ation made earlier, concerning the 
constancy of Poisson’s ratio, holds up to the highest 
temperatures measured. 


4. Appendix 


The problem is to show that the relative decrease 
in modulus, AZ/E, for a more porous specimen will be 
greater than that for a less porous specimen of the 
same grain size. AF is the anelastic decrease in 
modulus associated with a rise in internal friction 
which is superimposed on the ‘‘normal’”’ elastic de- 
crease in modulus with increasing temperature and 
is the reference value of modulus. 

Before proceeding, it should be pointed out that it 
is recognized that the actual situation is undoubtedly 
more complex than the simple model (with associated 
rather restrictive assumptions) to be presented. The 
presentation is, nevertheless, felt to be justified ; first, 
because it has apparently not been considered else- 


3 These data are part ofan investigation of the microstructure of these specimens 
which will be presented in a future publication, 





where in the literature; and, second, because it is 
believed that the same qualitative result would 
obtain on the basis of a more complex and realistic 
model. 

We assume that a specimen at zero porosity is 
composed of x grains of volume, v. Then the total 
volume of the specimen, V)>=nv. We further assume 
that all the grains are cubic in shape, having faces of 
area, s. The total contact area between grains 
6bsn 


y 


So=-5- = 3 sn. (The factor 2 arises from the fact 


that two grain surfaces are required to produce one 
contact area between grains.) 

We now assume that a single grain is removed 
from the interior of the specimen, then the new vol- 
ume of grains, V;=nv—vr=v(n—1) 
the specimen remains Vo) and the new contact area, 

9 


6s - , , , 
S\=- = 2). Now AV=V,—V, 


—6s and 
AS=S,—S), 


3s(n 
so that dropping subscripts, 
AV 
\’ 
and 
38(n—2) 
S 3sn 


3sn- 


Also the porosity 


€3 


Now it is reasonable to assume that at temperatures 
in which grain boundary slip is beginning (i.e., in 
which the associated internal friction is incre: ising) 
that AF should depend upon the contact surface to 
volume ratio. That is, 


ey 
AK ay, 


E may be expressed as a function of P by 


E=E,(1—aP+8P*) (2) 
where E) is the modulus at zero porosity. The co- 
efficients, a and 8, were determined by least squares 
in the previous paper [1] for both Young’s and shear 
moduli for the different groups of ThO, specimens. 
The average values were: a=2.85 and B=1.17 


(a= 7 spi is listed in table 5 of [1]. ) From equa- 


tion (1) 
V=V,(1—P) 
and 
S=S,(1—2P) 
so that 
-2P) 
AE (1—P) 
E (1—aP+8P?*) 
KS, 
ViEy 


where C= 


(the volume of | 


a of the values a=2.85 and B=1.17 in 
eq (5) shows that A/F will increase with ji increasing 
values of P up to P=0.40 (the highest porosity used 
in this investigation). Also, the rate of increase of 
AE/E will increase as P increases. Thus, the orig- 
inal proposition is demonstrated. 

Actually, two additional effects contribute to cause 
AE/F to increase with increasing P more rapidly than 
already indicated. The first is that as P increases, 
the probability of removing a grain that is not com- 
pletely surrounded by other grains, but already 
borders on a void due to previous removal of grains, 
increases. In such a case, S would not decrease with 
increasing P as rapidly as indicated by eq (4) but 
and V would still change with P in the manner indi- 
cated in eqs (2) and (3). Therefore, AE/E would 
increase with increasing P more rapidly than shown 
in eq (5) 

The second effect is that porosity may be caused 
by holes within grains as well as by the removal of 
grains. In such. a case, S would not change at all 
with incre vasing P while Z and V would still ‘decrease 
according to eqs (2) and (3). This would further 
increase AE/E with increasing P. 

The above result which involves specimens differ- 
ing from each other in porosity, but of the same (or 
not significantly different) grain size may be com- 
pared with that for specimens differing from each 
other in grain size, but of the same porosity, and the 
conclusions summarized in the foilowing manner: 

In the former case, which corresponds largely to 
the specimens of the investigation, the decrease in E 
as a function of increasing P is greater than any 
associated change in AE. Therefore, AE/E for such 
specimens will increase with increasing P. The latter 
case applies to many polycrystalline metals such as 
those studied by Ké, in which the porosity remains 
constant at (or near) zero, the main variation be- 
— specimens being in the grain size. In such 

vases, the value of F remains constant from specimen 
: specimen and as S increases with decreasing grain 
size, AF, and hence AE/F increases. 


The authors are most grateful to W. E. Tefft for 
“invaluable advice in many parts of this paper, and 
especially for his part in developing the analysis pre- 
sented in the appendix. 


5. References 


8. Spinner, F. P. Knudsen, and L. Stone, Elastic constant- 
porosity relations for polycrystalline thoria, J. Research 
NBS 67C, (Eng. and Instr.) No 1, 39-46 (1963). 

J. B. Wac htman, Jr., W. E. Tefft, D. G. Lam, Jr., and 
C. 8. Apstein, Exponential temperature dependence of 
Y oune s modulus for several oxides, Phys. Rev. 122, 
[6] 1754-1759 (1961). 

S. Spinner and W. E. Tefft, A method for determining 
mechanical resonance frequencies and for calculating 
elastic moduli from these resonance frequencies, Proc. 
of the ASTM V. 61 p. 1221-1238 (1961). 

Sam Spinner, Temperature dependence of elastic con- 
stants of some cermet specimens, J. Research NBS 
65C, (Eng. and Instr.) No. 2, 89-96 (1961). 





. B. Wachtman, Jr., T. G. Seuderi, and G. W. Cleek, 

Linear thermal expansion of aluminum oxide and 
thorium oxide from 100° to 1100° K, J. Am. Ceram. 
Soc. 45, [7] 319-323 (1962). 

[6] R. F. Geller and P. J. Yavorsky, Effects of some oxide 
additions on thermal length changes of zirconia. J. 
Research NBS 35, 1 (1945) RP1662. 

[7] Sam Spinner, Temperature dependence of elastic con- 
stants of vitreous silica, J. Am. Ceramic Soc. 45, [8] 
394-399 (1962). 

{8] Clarence Zener, Elasticity and Anelasticity of Metals 
(The if niversity of Chic ago Press, Chicago, Ill., 1948). 


[9] J. B. Wachtman, Jr. and D. G. Lam, Jr., Young’s 
modulus of various refractory materials as a function 
of temperature J. Am. Ceram. Soc. 42, [5] 254 (1959). 
{10] R. L. Coble and W. D. Kingery, Effect of porosity on 
physical properties of sintered alumina, J. Am. Ceram. 
Soc. 39, [11] 377-385 (1956). 
{11} T’ing-Sui Ké, Stress relaxation across grain boundaries 
in metals, Phys. Rev. 72, [1] 41—46 (1947) 


(Paper 67C2-122) 





JOURNAL OF RESEARCH of the National Bureau of Standards—C. Engineering and Instrumentation 
Vol. 67C, No. 2, April-June 1963 


Residual Stresses and Their Relaxation on the Surfaces 
of Sections Cut From 
Specimens 


Plastically Deformed Steel 


Clarence J. Newton 


(November 28, 1962) 


Residual stresses were measured on sections cut from steel specimens after plastic 
extension and after plastic compression, using the inclined incident X-ray beam procedure. 
Computations based on the conventional assumption of a zero surface-normal stress com- 
ponent were compared with those based on a recently suggested method of allowing for 


some contribution of the normal component. 
axial residual stress opposite in sign to the preceding deforming stress. 


The conventional calculations indicated an 
The more recent 


method is said not to do so after compression but was inconclusive in this experiment because 


ot lack of precision arising from microfluctuations of stress about the average. 


Doubt was 


cast, moreover, on the validity, except perhaps as to sign, of extending the stress values 
measured on sections cut from a specimen to the residual stress system existing within the 


specimen before sectioning. 


1. Introduction 


The calculation of stresses from crystal lattice 
strains observed in polycrystalline metal specimens 
by means of X-ray diffraction is a long established 
procedure [1,2].'. The change in the Bragg angle of 
diffraction is a measure of the change in spacing 
between layers of atoms in the metal crystals, 
hence a strain, from which certain calculations of 
stress in the material may be made in the light of 
various assumptions concerning the stress-strain 
relationship. This method of stress measurement 
is of particular interest in those cases where no 
external force is acting on the body. These instances 
of internal or residual stresses arise, generally 
speaking, from some type of inhomogeneity or 
anisotropy in the metal specimen or in its history 
of thermal or mechanical treatment. 

The change in the peak position of a diffraction 
line indicates a nonzero average strain in the 
crystalline material in which the diffraction takes 
place [3]. If the state of stress is constant over an 
extended region of the specimen, with the forces 
involved balanced by opposing system forces in 
another region, the stresses are called body stresses 
or macrostresses. If, on the other hand, the stresses 
are balanced locally, between neighboring crystallite 
grains or from one part of a grain to another part 
within the grain, the stresses are known as micro- 
stresses or textural stresses. Not only do the macro- 
stresses result in a shift of the X-ray line peak 
position, but so also do the microstresses under the 
proper conditions. It is true in the latter case that 
the average stress in the volume illuminated by the 
incident X-rays may well be zero, but the diffraction 
peak position is not the result of the state of the 
entire volume, nor is it a random statistical sampling 
of it. It is, on the contrary, a very specialized 


1 Figures in brackets indicate the literature references at the end of this paper, 
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sampling, dependent upon the crystalline phase, 
the degree of perfection of the material, and the 
orientation of the crystallites. If any of these 
factors bears a relation to the state of stress, the 
microstress will result in a shift of peak position 
and not merely in line broadening, which is some- 
times mistakenly considered to be the only result 
of this type of stress. 

In this laboratory a few years ago a procedure of 
X-ray stress measurements on sections cut from a 
uniformly uniaxially plastically deformed material 
was employed to demonstrate that the sign of the 
stress in the interior of the deformed specimen was 
the same as had been reported on the exterior sur- 
face [4]. The residual stress system, therefore, was 
not a body stress system but a textural stress, or 
microstress system that had the diffraction angle 
shift characteristic of a body stress, or macrostress 
system. This conclusion has been supported by 
recent work by M. J. Donachie and J. T. Norton [5], 
with a different X-ray procedure, not involving 
sectioning. A procedure involving diffraction from 
the surfaces of sections has been employed by D. M. 
Vasil’ev [6, 7], along with a new assumption as to 
X-ray penetration and stress relaxation normal to a 
surface, with somewhat surprising results that will 
be discussed later in this paper. 

The usual formula for the calculation of a residual 


stress (or an applied stress), c, in a particular direc- 


tion, g, with respect to some arbitrary direction in a 
surface is [8] 


E l dy—d, 
Cg . ? 


e1+y sin?y dy (1) 


where E is Young’s modulus, » is Poisson’s ratio, y 
is the angle between the normal to the surface and 
the normal to the crystal planes whose spacing is d,, 
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obtained by inclining the incident X-ray beam to the 
surface, and d, is the spacing of crystal planes dif- 
fracting when the X-ray beam is incident normal to 
the surface. (Strictly speaking, d, should be the 
spacing between planes parallel to the surface of the 
specimen.) The usual polycrystalline gross mechani- 
eal values of £ and y are customarily used. There 
are some assumptions made in the derivation of this 
formula; the most basic, perhaps, is that the dif- 
fracting material is obeying the usual laws of elas- 
ticity for an isotropic, homogeneous medium. ‘There 
are certain checks that can be made on this assump- 
tion, which will be discussed later. 

Another set of two assumptions has to do with 
the relaxation of stress components at a surface of 
the diffracting material. At the very surface, of 
the normal component is zero; and it is 
usually assumed that the depth of effective pene- 
tration of the X-rays is so slight (less than a thou- 
sandth of an inch in the ease of iron diffracting cobalt 
radiation, according to G. B. Greenough |{1]) that 
the normal component may be assumed to be zero 
in the X-ray diffraction stress measurements. The 
stress components lying in the plane of the surface, 
on the other hand, are assumed to be totally un- 
affected by the presence of the surface, in so far as 
the X-ray diffraction measurements are concerned. 
This is perhaps an irrelevant point when considering 
the stress system on the original surface of a speci- 
men; but the assumption is likewise made when the 
surface is a section cut from the specimen, and it 
should be recognized as such. 

If, for an element of volume in the interior of the 
deformed specimen as in figure 1, we write the 
Hooke’s Law relationship for one of the principal 
strains, such as «, resulting from the residual 
principal stresses o;, o2, and we have 


course, 


(2) 


If a surface is cut normal to o,, and hence parallel to 
o2 and oa; (in this example a cross section), the princi- 
pal stress normal to the surface will be modified by a 
factor ky and the principal stresses lying in the plane 
of the surface will be modified by a factor ks in that 
shallow layer of material in which the effective X-ray 
diffraction takes place. Ina manner similar to eq (1) 
we may then write for the principal strain normal to 
the surface 


kso- 


+ ksas) | 3a) 


ax= 7 lkwe 


and for the principal strains parallel to the surface 


and 


(3c) 
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The relaxation factors ky and ks must lie between 
0 and +1 for obvious physical reasons. They are 
conventionally taken to be 


ky=0 and ks=1, 


whence eqs 3a, b, and ¢ become 


(3f) 


Another assumption usually made (and implied 
in fig. 1) but seldom stated is that the directions of 
the residual principal stresses, o;, o2, and o3 are 
directly related to the geometry of the specimen and 
its mechanical history. That is to say, that after 
a uniform, uniaxial deformation of a specimen of 
circular cross section, as, for example, the plastic 
extension for a few percent of a standard tensile 
specimen, o;, will be axial and o, will equal os, lying 
in a plane normal to o;._ If the deformation is truly 
uniform and if the polycrystalline aggregate is made 
up of a random distribution of many sm: all crystallites 
so thet the effects of anisotropy may be well aver- 

ged out, this assumption is no doubt quite valid. 








FiGuRE 1. Principal residual stresses in a uniaxially plastically 


deformed test specimen. 





Hence eq (3d) becomes 


and (3e) 
(4b) 


The new assumption made by D. M. Vasil’ev, 
briefly mentioned above, was that the penetrating 
power of the X-ray beam in the metal specimens was 
sufficiently great that the stress component normal 
to the surface was not reduced to zero, and the 
surface parallel components, as above, were un- 
affected; that is, eq (3) became 

O0<ky<1 and ks : (5) 
where ky may be determined from more measure- 
ments of strain made on the original surface and on 
a surface cut at right angles to the first, as indicated 
in the following analysis. If we use superscripts C’ 
and ZL to denote cross and longitudinal sections and 
subscripts 1 and 2 to denote axial and transverse 
directions as above and in figure 2, we have from 
Hooke’s Law a set of four equations. For the 
principal strains normal to and parallel to the cross 
section, we have 


x E (kyo, —2voo), (6a) 


vkyo,|; (6b) 


ie [o.(1—v) 


and for the principal strains normal to and parallel 
to the longitudinal section, 


(6c) 


l 


evs pi lt vooXky+1)}. (6d) 


{Notice that the surface strain component és in the 
longitudinal section is to be measured in the axial 
plane. | 
From these equations Vasil’ev derived the follow- 
ing expressions: /y is found to be 
(ek, ef) v(€Ss -€{'s) 


c L 
€is) 


v( ek, ; fv) T l€os 

and the equations for the principal stresses are 
E 

(1+) (1—k?*) 


0} [ehy es k(efx -€Ss) | (Sa) 


E . 
—ets)+efy—efs]. (8b) 


k?) 




















FIGURE 2. Sections, with surface stresses, cut from defo 


test specimen. 


Vasil’ev found, using various combinations of 
X-radiation and diffracting material, that ky varied 
from 0.3 to 0.7. He also found, after preliminary 
extension of the specimen, the residual stresses were 


o1<02<0 9a) 
and after preliminary compression 


9b) 


o2< 0,< 0. 


In this latter case, to have the axial residual stress 
negative after preliminary compression is contrary 
to the usual observation [9]. 

In the technique for determining residual stress 
by the two-exposure method, the strain normal to 
the surface and the strain at some inclined angle y, 
usually 45 deg, rather than at 90 deg, lying in the 
surface, are usually measured. It is possible to mod- 
ify eqs (7) and (8) for this procedure. Using these 
equations and a typical residual stress system such 
as one previously found in iron with cobalt radia- 
tion [4], one may calculate the precision with which 
the lattice spacing must be determined to dis- 
tinguish between a value of ky of zero and a value, 
for example, of 0.4. It appears that changes in the 
fourth decimal place of the d-value are critical; and 
it can be shown that changes in the 26 diffraction 
angle of about 0.03°, therefore, must be detectable. 
Since the change in the 2@ angle can, under favorable 
circumstances, be measured with a precision of 
+0.02°, it appeared that a check of a typical ky 
value might be possible. This was to be the princi- 
pal objective of the present study. 
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In addition to the attempt to find a value of the 
surface normal stress relaxation constant, there was 
a desire in this study to investigate carefully after : 
plastic compression the sign of the axial aemant 
of residual stress, which we had previously found to 
be positive [4, 9], in contradistinction to Vasil’ev’s 
result. It was hoped, moreover, with the means at 
hand for a greater precision of measurement of 
diffraction angles, that a more critical study would 
be made of the validity of extension of the stress 
values measured on sections cut from the specimen 
to the stress system existing within the specimen 
before sectioning. 


2. Experimental Material and Procedure 


The precision of the X-ray method of stress 
measurement is improved if the diffracting material 
has grains sufficiently small (about 0.05 mm or 
somewhat less in diameter) to give reasonably smooth 
powder diffraction lines, and if the combination of 
lattice constant and characteristic X-ray wavelength 
is such as to give a large diffraction angle, preferably 
a 20 over 150 deg. A material satisfying these 
conditions and having some commercial importance 
was found to be 4130 steel. In addition to iron, the 
material contained the following constituents, in 
percent: 

C—0.28 Si—0.26 Cu—0.10 
Cr— .92 Mo— .20 S— .013 
Mn— .50 Ni— .10 P— .006 


A sample of the “as received” bar stock probably 
in the hot-worked condition, was given a 1 hr 
annealing treatment at 1,300° F. Diffraction pat- 
terns from this material showed continuous Debye- 
Scherrer rings with partial resolution of the ka;—a, 
doublet both with Co and Cr X-radiation. Another 
prerequisite of the material is that it exhibits a 


measurable residual stress system giving a detecti- 


ble line-shift after a degree of plastic deformation 
less than that which might lead to excessive line 
broadening that results from severe fragmentation 
or random microstresses. This requirement was 
found also to be met reasonably well by the 4130 
steel. 

Tensile testing specimens, with a reduced diameter 
of 0.505 in. and a gage length of 2 in., and compressive 
testing specimens, right circular cylinders, of 0.505 
in. diam and 1 in. length, were prepared from the 
bar stock material and annealed as specified above. 
The plastic deformation first employed was 10 per- 
cent, but this was found to give excessive broadening 
of the diffraction lines. A plastic deformation of 
3 percent was then tried and found to be satisfactory. 
The yield points of the specimens were found to be in 
the neighborhood of 70 10* psi, and the stresses 
producing 3 percent permanent deformation were 
about 82> 10° psi. 

After the test specimens had been deformed, 
three different diffraction specimens were cut from 
each, as in figure 2, so that the residual interior 


stress system could be investigated on three different 
sections: (1) a cross section, (2) a longitudinal 
section, and (3) a 45° inelined section. These 
specimens were mounted in Bakelite with the ap- 
propriate section surface exposed, mechanically 
polished, and finally electropolished in several 
stages with intervening inspections by X-ray dif- 
fraction photographs until no surface distortion 
that might have resulted from specimen preparation 
remained. Attempts were initially made to study 
the residual stress from photographically recorded 
patterns of the diffracted X-rays, with the incident 
beam normal and inclined to the surface of the speci- 
men. Although changes in the Bragg angle could 
be observed and residual stresses could be calculated, 
it was found that the breadth and diffuseness of the 
lines, or rings, on the films were such that the pre- 
cision was very low, and nowhere near that 

tioned above as being necessary in this study. 

The precision can be significantly improved in 
many cases by means of a point by point X-ray 
intensity counting procedure with a diffractometer, 
in which case the diffraction pattern is detected not 
with a photographic film but with an electronic 
device, in this case a proportional counter. 

Before the standard commercial instrument can 
be used for the inclined incidence method of X-ray 
stress measurement, two modifications are necessary: 
(1) the specimen holder must be free to change the 
angle of incidence of the X-ray beam upon its surface, 
independently of the position of the counter, and (2) 
the receiving slit for the diffracted beam entering the 

counter must be moved forward because of the 

ans in focusing conditions. The first modifica- 
tion is not too difficult to make with the aid of a new 
specimen mount. The second modification would 
present much greater difficulty if the ideal arrange- 
ment of continuously variable and accurately radial 
positioning of the slit were attempted. Fortunately 
it was possible to use a permanent compromise 
forward position of the slit, as described by B. D. 
Cullity [10]. The compromise may introduce a small 
additional increment in the Bragg angle change, but 
it may be corrected by means of observations from a 
standard, well-annealed specimen that is very nearly 
stress-free. 

The X-ray intensities, measured at small intervals 
of 2@ across the peak of an X-ray diffraction line, 
were used to locate the peak position in the fashion 
described in the SAE Information Report, TR-182, 
“Measurement of Stress by X-ray,” edited by A. L. 
Christenson [11]. This involved first finding the 
approximate peak position, then measuring with high 
precision the X-ray intensity at three points strad- 
dling the peak and at least 80 percent up from back- 
eround. ‘This choice of points minimizes the effects 
of poor resolution of the ka,;— a, doublet. The inten- 
sity values obtained at the three points, which were 
set usually 0.10° apart with a precision of about 

+0.002°, are then corrected for the Lorentz and 
polarization factors and for the absorption effect 
and finally put into a formula to yield the axis 
position of a parabola that passes through the three 
given points. The intricacies of this procedure 


men- 
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make it difficult to calculate the expected precision 
with which the resulting Bragg angle is finally known; 
but in cases where a measurement was repeated, a 
reproducibility of 0.02° or better was usually 
observed. 

The coefficient of thermal expansion of iron is 
approximately 11107-°/°C. It is apparent that 
large changes of temperature of the specimen must be 
avoided when small changes of Bragg angle are to be 
detected in the study of residual stress. In this case, 
the temperature of the specimen holder was con- 
stantly monitored. After the diffraction equipment 
had approximately reached thermal equilibrium, it 
was possible by controlling the temperature of the 
room to keep the specimen holder to within about 
half a degree of 25 °C. Hence, any thermal expan- 
sion error was negligible. 

The instrumental variables of the X-ray equipment 
were carefully kept constant during the use of each of 
two different characteristic radiations, from targets 
of cobalt and chromium. Both the voltage and cur- 
rent of the X-ray tube were closely regulated. The 
counting response of the proportional counter was 
visually monitored on a strip chart recorder in order 
to reject any preset count interval that included 
spurious ‘noise’ counts. This source of error in 
intensity measurements was further reduced by 
using the average value of three or more intervals. 
With cobalt radiation the individual counting inter- 
vals were for 40,000 counts, yielding an intensity 
precision of the order of 0.5 percent; with chromium 
radiation, since a more intense beam was available, 
the intervals were for 100,000 counts, with precision 
of about 0.3 percent. 


3. Results 


Equation (1) can be written in terms of the change 
in strain observed normal to a surface, ey, and the 
strain parallel to the surface, es, as 


(10) 


The strain, moreover, can be written in terms of the 
change in Bragg angle: 


cot 6 ; 
> — [20,—264], (11) 


where the subscript A refers to a_ well-annealed 
specimen and 7 indicates the quantity pertaining to 
a strained state. Hence, the stress in the surface 
becomes 


cot 6 
‘ - 


[ (20; n—204 nv) — (26; s—264. s)] 


cot 6 


5 — [(20y—20s);—(20y—26s) 4]. (12) 


Now ordinarily the last term, 


(20vy—26s)4=0; 
but using the compromise position of the receiving 
slit on the diffractometer may cause the appearance 
of asmall nonnegligible spurious difference here, which 
is the correction needed for the change of focusing 
conditions [10]. With cobalt radiation, this differ- 
ence was vanishingly small; with chromium radiation 
it was 0.06°. Since the angular measurements are 
made in degrees, there is a further factor in the 
expressions to convert from degrees to radians, which 
is 0.01745 radians per degree. When all of the 
constants are put into the equations, we have in the 
case of cobalt radiation 

a= (3.37 X10* psi/deg)[20y— 26s], (13a) 
for the (310) diffraction, which occurs with a 26 equal 
approximately 161°; and in the case of chromium 
radiation, we have 

oe = (4.334 & 10* psi/deg) [(20.— 26s) — 0.06}, 13b) 
for the (211) diffraction, which occurs with a 26 near 
156°. In a similar fashion, it is possible to replace 
the differences of strains in Vasil’ev’s eqs (Sa) and 
(Sb) with differences in diffraction angles. 

All of these equations call for the strain or the 
diffraction angle measured parallel to the surface, 
which, of course, it is physically impossible to obtain 
directly; however, a value can be obtained by ex- 
trapolation. The diffraction angle is measured at 
several values of y, the angle between the normal to 
the diffracting planes and the normal to the surface 
of the X-ray specimen, as shown in figure 3. The 
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Figure 3. Typical longitudinal section. 


Ns: Normal to surface 
Na: Normal to diffracting planes 
¢: Azimuth angle 


v: Co-altitude or inclination angle 
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diffraction angle is found to be a linear function of 
the square of the sine of ¥, which is in itself an 
indication that the X-ray diffraction effects are 
related to a stress system obeying the usual laws of 
elasticity for a homogeneous isotropic medium. 
Then, using a least root mean square error procedure, 
one obtains best values of 26 for y equal zero and ¥ 
equal 90 deg. 

It does not seem necessary to present all of the 
detailed data in this report, but four samples are 
presented in the accompanying table 1 and figures 
4 to 7, consisting of the 2@ values versus sin ? y with 
cobalt and chromium ka, radiation for the annealed 
specimen and the cross section of the tensile speci- 
men. The precision of the individual values of 
24 is about +0.02 The scatter, which will be 
discussed later, is considerably greater than this, 
about +0.08° with Co radiation. Therefore, the 
precision of the best fit extrapolated values of 26 
is somewhat questionable. One might estimate 
an intermediate value for it, of the order of +0.05°. 


Zramples of diffraction angle, 26, as a function of 


plane normal inclination V 


Chromium radiation 
20 Ann 


0. 0000 
. 0302 
1170 
. 2500 
4132 


. 5SOS 


0. 0000 156. 06 
1. 0000 156. 00 

















RE 4. Diffraction angle, 20, versus sin? y for annealed 


specimen, Co ka; radiation. 
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Figure 5. Diffraction angle, 20, versus sin? ~ for cross section 


of tensile specimen, Co ka; radiation. 
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Figure 6. Diffraction angle, 20, versus sin? y for annealed 


specimen, Cr ka; radiation. 














SIN? y 


Figure 7. Diffraction angle, 20, versus sin? y for cross section 


of tensile specimen, Cr ka; radiation. 


A summary of the “‘best fit’’ extrapolated values 
of the diffraction angles and the lattice strains 


measured on the eight specimens with the two 
radiations is presented in table 2. The precision 
of the diffraction angles is thought to be about 
+ 0.02 of a degree, although that of the extrapolated 
values given in table 2 is perhaps not this good. 
The precision of the strain values in this table is 
estimated to be about + 1 10-*. 
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Extrapolated diffraction angles and lattice strains 


Specimen Chromium radia- 


ion 


Cobalt radiation 


20 (€X10-4) 
156. 06 


Annealed 156. 00 


156. 32* 


° 


- 
wit telat fo. Sto el ole) 
yy ~4: C 7 o> 


Tensile C-S 


155. 77° 


. 


156.01 


Tensilk | 
156. 18 


* 


156. 12 
Tensile 
156. 46 


- 


155. 91 


oa 


‘ompr : 1" 
56 


° 


156.19 
ompr 


ompr 


S: Cross section. 
-S: Longitudinal section. 
5°-S: 45° section 


These differ from values 


( 
I 
4 


in table 1 because more data included in an average 


In table 3 are tabulated the extrapolated values 
of the diffraction angles and residual stresses in the 
plane of the surfaces of the three sections of the 
tensile specimen, measured at three different azi- 
muths, ¢, in each plane (see fig. 3). The radia- 
tion employed was the ka, of chromium. A stress 
on each surface calculated from elastic theory is 
also given in this table. 


TasBLe 3. Extrapolated diffraction and 


di ff rent azi muth son te nsile 


angles stresses for 
sections with chromium radiation 


Stress (X10° psi 


Specimen 


Tensile L-S 


Tensile 45°-S 





Table 4 contains the conventionally calculated 
principal stresses and the 45° inclined stress com- 
ponent from the tensile and compressive specimens, 
observed with cobalt and chromium radiation. It 
is not possible to give a rigorous value of the precision 
of the values of stress presented in these tables, 
since the true precision of the angular differences 
upon which they are based is not known, but it can 
be estimated at about 1 or 2 10° psi. 


TABLE 4. Conventionally calculated stresses 


Stress (10° psi 


Specimen Stress component 


Co Rad Cr Rad 


| Axial___. 
Transverse 21 
45 17 


{ Axial... 
Compressiv 


: 13 
Transverse 5 12 
45 ~f 


In table 5 are shown the very doubtful results of 
the calculations of the surface normal relaxation 
constant, *, and the principal stresses using the 
formulas of Vasil’ev. No values are given for the 
stresses after extension from the measurements 
with cobalt radiation because of the impossible 
value of k, larger than 1, obtained in that case. 


TABLE 5. Surface relaxation constants and principal stresses 


after the method of Vasil’ et 


rensile spec. Compressive spec 


Radiation Stress (X<10* psi Stress (10° psi 
Axial rransverse 


Axial Transverse 


y.*) 
) 


4. Discussion 


It is evident that one of the principal objectives 
of this study, an investigation of Vasil’ev’s method 
of X-ray stress measurements, was not fulfilled in a 
very positive manner. For ferrous materials, with 
Co and Cr radiation, Vasil’ev calculated values of & 
that ranged from 0.3 to 0.5. The k& values listed 
in table 5 are all larger than would seem reasonable, 
and they show no valid correlation with the pene- 
tration power of the X-radiation. The stresses in 
this table also are in disagreement with Vasil’ev’s 
results. If we denote that axial residual stress by 
a, and the transverse residual stress by o2, we should, 
according to Vasil’ev, have the following inequalities: 


after an extension: o;< 02.<0 
and after a compression: o:<.0,<0. 


In this table, on the contrary, we find 


after an extension: o> 0o,>0 
and after a compression: 0; >0.> 0. 


In view of the unlikely values of & that entered into 
the calculations of these however, one 
should not try to infer too much from any seeming 
relationship among them, except to say that the 
result apparently is not in agreement with Vasil’ev’s 
results. 

The explanation of the failure in this study to 
obtain meaningful values of k probably lies in the 
lack of precision with which the extrapolated values 


stresses, 
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of the diffraction angle were known. Although the 
precision of individual values of 26 was high enough, 
of the order of +0.02°, there was a scatter about the 
straight line function of 2@ versus Sin*y, amounting 
in the case of the cobalt radiation to a root mean 
square error of about +0.08 This was reflected in 
the precision of the extrapolated values upon which 
the calculation of k was based and hence precluded a 
significant result for this factor. This scatter does 
not arise from a lack of precision in the angular 
measurements themselves, but is inherent in the 
granular nature of the diffracting polycrystalline 
material, the statistical fluctuations about a mean 
stress from one grain to another, and the sampling 
nature of the X-ray diffraction process. It would 
seem that Vasil’ev’s method could be checked only 
in situations where this statistical microfluctuation 
of the stress was at a considerably lower level than 
was the case in this study. 

The results obtained by means of the conventional 
equations for residual stress calculations, on the other 
hand, appeared to be quite reasonable and _ self- 
consistent. The basic assumption, that the changes 
in Bragg angle reflected lattice strains or stresses that 
satisfied the basic laws of elasticity, that is, satisfied 
the equation of the stress or strain ellipsoid, [12] was 
borne out in two separate stages of the experiments. 
The first corroboration was the linearity of the 26 
versus sin?’ y measurements, which has long been 


taken as the proof of a nonrandom stress distribution 
The second was the 
conformity to the stress ellipsoid on the part of stress 
components measured in different directions lying in 
a given surface; three such instances, each involving 


in the region under analysis. 


three surface azimuths are shown in table 3. The 
stress ellipsoid equation vielding the stress in any 
direction is 

o=a70,44 1 ar op, (15) 
where the a’s are the direction cosines and the o’s 
are the principal stresses. For the surface case, a, 
is zero, and the equation becomes 

0; COS o> a sin? Y, 

where the angle ¢ is measured from the direction of 
o If eis taken to be 45°, this becomes 


045° 2 LE (16) 


This relationship was checked on each of the three 
sections cut from the tensile specimen. The three 
directions chosen on the cross section would be ar- 
bitrary; that is, because of the circular symmetry of 
the specimen and the uniaxial loading, all stress com- 
ponents on this surface should be equal. On the 
other hand, the directions on the longitudinal and 
45° inclined sections are not arbitrary. In these two 
cases the g=0° direction was chosen to lie in the 
direction or the projection of the direction of the 
original axis of deformation loading of the specimen, 
and the ¢=90° was taken to be at right angles to this. 


It is seen in table 3 that the agreement between the 
observations and the stress ellipsoid calculations was 
excellent. 

The third phase of the application of the theory of 
the stress ellipsoid, however, was not successful. 
This was the attempt to relate the principal stresses, 
as determined on a cross section and a longitudinal 
section, to the stress measured at zero azimuth on a 
45°-inclined section. Examples of these measured 
stresses are given in table 4; and it can be seen that 
the 45°-section component, which again should be 
given by eq (16), is nowhere near the theoretical 
value. 

Another somewhat disturbing result that appears 
when one compares the computed stresses on the 
different sections is the lack of agreement evident in 
table 3 between the values of the transverse stress 
found on each of the three sections. This stress is 
any one of the three equal values on the cross section 
and the value of stress at ¢=90° on the longitudinal 
and 45 The latter two values are very 
small, an order of magnitude smaller than the cross- 
section value, and are indeed near the limit of pre- 
cision of the method of measurement. However, all 
three values, being positive, do agree in sign. 

The points of disagreement between these experi- 
mental results and the results expected if the sec- 
tioning process did not disturb the planar stress 
components, as originally postulated, have placed 
this assumption in serious doubt. Sectioning at 45° 
to the deformation axis in particular seems also to 
be questionable from the theoretical standpoint, for 
in this case the actual directions of two of the 
principal stresses or strains must be rotated through 
45°, so that one is normal to the new surface and one 
is lying along the projection of the axis in the new 
surface, while the direction of the third is presumably 
unchanged in the plane of the surface. Following 
this modification of the internal stress ellipsoid, it 
is not improbable that the magnitudes of the stresses 
have undergone change. Although the sectioning 
along principal planes, as was done to obtain the 
cross and longitudinal sections in this work and 
that of Vasil’ev commented upon in this paper, does 
not change the directions of the principal stresses, 
the experimental results described above do cast 
doubt on the constancy of even the planar stress 
components. It does appear that, although the 
residual stresses measured by a conventional X-ray 
method on any one particular surface conform very 
satisfactorily to the laws of elasticity for a homo- 
geneous, isotropic medium, the stress components 
determined by this same method on different 
sections of a single, uniformly deformed specimen 
cannot in this sense be combined. 

In spite of this lack of conformity to an interior 
stress ellipsoid, presumed to have existed before 
sectioning, the conventionally calculated principal 
stresses do, however, present a_ self-consistent 
pattern. The stresses revealed by the two radia- 
tions bear the same sign in all cases, with those 
revealed by chromium, the less penetrating radia- 
tion, being in most cases smaller in magnitude than 


sections. 
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those revealed by cobalt. The axial residual stress 
alter plastic extension is compressive, and after 
plastic compression, in contradiction with Vasil’ev’s 

results calculated with his equations using nonzero 
k factors, it is tensile. These results agree with 
those obtained previously in this laboratory [4, 9}. 

The opposition of the sign of a residual principal 
stress, measured by X-rays, to the sign of the pre- 
ceding plastic deformation is in accordance with 
the usual two-material explanation for the origin 
of residual stresses under these circumstances. 
Briefly, this theory holds that, when a specimen is 
plastically deformed, for example in tension, some 
regions, A, deform sooner, that is, support a lower 
elastic stress before slip or other deformation begins, 
than do other regions, B. When the external load 
is released, the harder regions, B, containing higher 
contract more than do the 
more plastically deformed, softer regions, A. Hence, 
there are balanced residual stresses in the specimen, 
compressive in regions A and tensile in regions B. 
If the preceding deformation has been compressive, 
the signs of the residual stresses in A and B are 
reversed. 

The distinction between region A and B is not one 
simply of crystallite orientation, since qualitatively 
the same result is obtained from different groups of 
grains using different radiations; nor is it a matter 
of body stresses balancing on the surface against the 
interior of a specimen, since the same sign is obtained 
on the surface and interior [5]. Apparently the 
hardness difference, in terms of flow stress, of regions 
A and B, is ascribable to structure. The ranged 
regions B are very likely regions of high disorder « 
imperfection, regions of high density of vase 
dislocations. Among such regions might be the 
boundaries of grains or subgrains. The softer 
regions, A, are regions of lower density of imperfec- 
tion, of lower resistance to the passage of dislocations ; 
such regions might be the interior of grains. This 
picture is supported by the fact that the X-ray 
measurements indicate the stress condition, not of 
the average, but of the softer regions A. It is 
quite logical that the more disordered regions B 
should contribute less to the coherent diffraction 
of the X-rays. 

In conclusion, therefore, the following 
summarized concerning the X-ray measurement of 
residual stresses on sections cut from uniformly 
plastically deformed polycrystalline specimens, using 
the conventional formulas in computations. Al- 
though the stresses on any given section do conform 
very closely to a stress ellipsoid for an ideal elastic 
system, the stresses computed from measurements 
on the various sections cannot be combined to yield 
a wholly consistent picture of a unique internal 
stress ellipsoid. Nevertheless, the theory and con- 


elastic stresses, try to 


may be 


ventional formulas applied to the two principal 
sections do yield values of the principal stress that 
are reasonable in magnitude and consistent with the 
geometry and deformation history of the specimen. 
That is to say, the axial and transverse residual 
stresses have opposite signs; and, when the prestrain 
is changed from extension to compression, the signs 
of the stresses change, although there is little change 
in their magnitude. 


The author acknowledges the cooperation of 
colleagues at the National Bureau of Standards who 
made significant contributions to this investigation; 
in particular, H. C. Vacher, who was consulted dur- 
ing the planning stage, G. W. Geil, who suggested 
the material used, and E. Escalante, who aided in 
the preparation of the specimens for X-ray exami- 
nation. 
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The relative permeation rates of electrolytically discharged hydrogen, deuterium, and 
mixtures of the two through sheet-iron cathodes were measured, and values for both the 


separation factor and the combined separation-permeation factor were determined. 


Also, 


data were obtained on the influence of strain, surface condition, and chemically precharged 
hydrogen on the permeation rate of electrolytic hydrogen. 


1. Introduction 


The hydrogen isotopes, deuterium and tritium, are 
frequently used as tracers in studies of various reac- 
tions involving ordinary hydrogen (protium). In 
many of these studies the 1:2:3 mass ratio of the 
isotopes is inconsequential and can be ignored. But 
in rate processes such as diffusion the mass differences 
must be taken into account. The necessary adjust- 
ment of data can often be accomplished by calcula- 
tions, especially when the diffusion or other process 
is well defined and understood. However, there are 
some kinetic processes in which use of the heavy 
isotopes of hydrogen as tagged atoms is limited be- 
cause of the unknown effects of the mass differences. 
The passage of hydrogen through iron, for example, 
is not a pure diffusion process at ambient tempera- 
tures [la]! and, despite a vast amount of research, 
the phenomenon is still not well understood. Hence, 
before results from tracer studies which involve the 
permeation of hydrogen through iron can be inter- 
preted, the effect of the differences in mass must be 
determined experimentally. 

The present paper gives the results of measure- 
ments of permeation rates of cathodic hydrogen and 
deuterium, and mixtures of the two, through com- 
mercially pure iron at 30°C. In addition, the effects 
of metal roughness, cold work, and chemically pre- 
charged hydrogen on the permeation rates of cathodic 
hydrogen were studied. 


2. Experimental Procedure 


Normalized ingot-iron sheet of commercial purity 
was used for all tests. The sheet was temper rolled 
to have a slightly roughened surface. Major 
impurities in weight percent for an iron of this type 
are: 0.02 C, 0.04 Mn, 0.04 Cu, 0.02 Ni, 0.02 S, and 
0.07 O. Specimens were cut from sheet stock of 
several thicknesses and prepared as shown in table 1. 


i Figures in brackets indicate the literature references on page 117, 


TABLE 1. Preparation of sheet iron specimens for 


ment of hydrogen permeation 


measur e- 


Metal 
thickness 


Group Surface texture Method of preparation 


mm 
0.2 Semismooth 
l ground) 


Hand abraded on both sides under 
water with No. 600 SiC abrasive 
paper. 


finely 


Very rough (grit 


Sandblasted on both sides with 
blastec i 


No. 60 mesh silica sand at 80 psi 


Semismooth 
ground). 


Cold-rolled from 1.83 mm to 1.07 
mm thick (42% reduction) then 
hand abraded as A above. 


finely 


Etched (acid 
pickled). 


Pickled on both sides in 7 
at 70 °C for 5 min, 


Thermally etched, 
bright annealed. 


Coated on both sides witl 
adhering enamel glass, 
to annealing temperature, 
cooled » 


® This process for cleaning and heat-treating metals is similar to common por 


celain enameling, except that the enamel composition and the processing tech- 
niques are designed to give a nonadherent coating {16}. The metal is heated in 
air to the fusion temperature of the coating (870 °C in the present case) and held 
for about 5 to 10 min while the molten enamel selectively attacks the metal sur- 
face and dissolves oxides and other surface impurities. When the composite 
cools to room temperature the enamel glass solidifies and flakes off the metal 
The resulting metal surface is deeply etched, but retains a bright metallic 
appearance, 


The iron was cathodically charged with hydrogen 
by electrolyzing 1.0 N orthophosphoric acid. This 
acid was selected because it can be conveniently 
prepared by mixing P,O, with either H,O or D.O 
to yield either H,PO, or D;PO,, respectively. The 
heavy water used for making the D,PO, was 99.8 
percent D,O. 

Figure 1 is a schematic drawing of the apparatus 
used for producing the atomic hydrogen and 
measuring its permeation through iron specimens; 
the apparatus is similar to that used by Dietzel 
and Stegmaier [2]. Each experiment was started 
with a fresh quantity of electrolyte and a new 
specimen. 
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sections together and tilting to 
is was then partially submerged in a tempera 


Experiments were conducted at a temperature of 
30°+0.5°C and at a cathode current density of 
5 ma/em?. The area of the platinum anode was 150 
em? and the area of the cathode was 31 cm*. The 
electrolytes were continuously and vigorously stirred 
throughout the experiments which lasted for periods 
of from 3 to 30 hr. Electrolysis was stopped after 
the permeation rate had reached a steady-state value 
or had passed through a maximum value. Rates 
were determined at frequent time intervals from 
the cumulative volume measurements of hydrogen 
permeating a specimen, as indicated by the volume 
of di-n-butyl phthalate displaced into the graduated 
evlinder. The accuracy of this measurement was 
of the order of +0.01 ml. 


3. Reproducibility of Measurements 


Several investigators of the permeation of cathodic 
hydrogen through iron have been concerned with 
reproducibility and have sought means of improv- 
ing it. Heller [3] discussed reasons for the difficulties 
involved in making quantitative measurements. 
Duflot [4] established that electrolytic polishing ot 
iron greatly improves the reproducibility of occlusive 
capacity measurements; however, Robertson [3] was 
unable to confirm this finding. Lagasse and Lilet 
[5] observed that permeation rates continuously de- 
creased as a function of time in experiments incor- 
porating the common technique of adding catalytic 
‘poisons’? to acid electrolytes in a cell containing + 
passive anode such as platinum. In order to obtain 
steady-state flow and to create reproducible experi- 


2 The evolution of gaseous hydrogen from 1 electrolyte is believed to be a 


two-stage process: (1) the disch irge of hye dr gen ions at the cathode, and (2) the 
formation of molecular from atomic hydrogen. The latter step is aided by the 
catalytic effect of the iron surface howeve r, small quantities of certain elements 
of Groups V and VI (P, As, 8, Se, et inhibit this catalysis and are said to 
‘‘poison”’ the H +H—Hpo re vetio n. The resulting increased concentration of 
itomic hydrogen facilit ates its entry into the metal [6]. 


mental conditions, these investigators devised a 
novel approach which produced not only a uniform 
flow of hydrogen but also a ten-fold increase in total 
flux over that obtainable by any previous method. 
They used a consumable carbon anode which they 
believed indirectly modified the excess hydrogen 
overvoltage at the cathode thus increasing the 
permeation rate. Also, the carbon anode contained 
the catalytic poisons, arsenic and selenium, which 
were liberated while the anode was being expended; 
thus, a continuous and fresh supply of catalytic 
poison was available throughout the duration of an 
experiment. 

In the present experiments the acid was poisoned 
with 1 g per liter of As,O,. This amount of arsenic 
appeared to be sufficient to produce and maintain 
a uniform flow of hydrogen through the cathode. 
Also, the permeation rates obte ined were entirely 
adequate for obtaining accurate measurements; 
however, the reproducibility was such as to require 
many replicate determinations in order to obtain 
averages with reasonably low statistical uncertainty. 
Poor reproducibility was believed to be attributable 
to very small differences in either surface texture 
and/or internal structure of specimens that were 
supposedly identical. 


4. Effects of Different Specimen Preparation 
Techniques 


were 
relative 


Several variables in specimen preparation 
investigated prior to the measurement of 
permeation rates of hydrogen and deuterium. These 
screening tests were made with ordinary hydrogen. 
The results, in the next three sections, are presented 
and discussed primarily for their qualitative value. 


4.1. Effect of Cold Work 


A number of investigators have studied the effects 
of cold work on the permeation of hydrogen through 
iron and steel and have reported differing results; 
some have found that permeation continuously 
decreases with increasing cold work and some have 
reported just the opposite effect. However, the 
apparent discrepancies may be the result of different 
starting materials and different testing conditions. 
The more recent research indicates that the permea- 
tion rate initially increases with increasing cold 
work and then, after reaching a maximum rate, 
decreases with further cold work. In 1953 Schumann 
and Erdman-Jesnitzer |7| first reported that permea- 
tion increases with cold work up to a maximum of 
10 to 20 percent re ‘duction in thickness of the metal; 
above this range, specimens with further increasing 
amounts of cold work display progressively lower 
permeabilities. At least two other investigators [5, 8] 
have since reported similar results. 

In the present investigation sheet iron was cold 
rolled to 42 percent reduction in thickness and its 
permeability compared to that of normalized sheet. 
Specimens were prepared as described in table 1 
(Groups A-1, A-2, and C), and the permeation rate 
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Figure 2. The effect of cold rolling on the permeability of iron 


to hydrogen. 

The permeation rate 

30 °C and 1 atm pre 
indicated thickne 


is expressed as the number of milliliters of hydrogen at 
sure permeating in 1 see an area of | cm? of a specimen of the 


measurements of single specimens which are typical 
of each group are shown in figure 2. It can be seen 
that the permeability of cold rolled specimens, 
1.07 mm thick, was much less than the permeability 
of normalized specimens, 0.28 and 1.26 mm thick. 
This great reduction in permeation caused by cold 
work is qualitatively in agreement with the results 
of the investigators cited above. 


4.2. Effect of Surface Roughness 


Roughened surfaces were produced by sandblast- 


ing, and the effect of this 
permeation was determined. 
in figure 3. 

Sandblasting not only roughens the surface but 
also produces some cold work. The cold work ex- 
tends only a short distance below the surface of the 
metal; however, the surface zone is severely distorted, 
and it may be assumed that the outermost layers 
are deformed far beyond the 10 to 20 percent range 
that Schumann and Erdman-Jesnitzer found to con- 
tain the turning point from increased to decreased 
permeation. If so, it could be that this cold-worked 
zone provides the slow and rate-limiting step in the 
overall permeation process. 


cathodic 
is shown 


treatment on 
The result 


On the other hand, the observed reduction in per- | 


meation is in agreement with the statement of Evans 
[6] that ‘‘rough surfaces are less liable to the entry of 
hydrogen into the metal than smooth ones, doubtless 


because they provide points favorable to the con- | 


version of atomic to molecular hydrogen.” Mo- 
lecular hydrogen does not enter the metal but collects 


into bubbles and escapes from the electrolyte; there- | 


fore, anything that inhibits the formation of molecular 
hydrogen, such as for example catalytic poisons or 
smooth surfaces, favors the infusion of hydrogen 
into the metal. 

In apparent contrast to the above, Hudson and 
coworkers [9], and Smithells and Ransley [10] re- 
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Figure 3. The effect of sandblasting on the 


tron to hydrogen. 
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ported the opposite effect of surface roughness. 
However, in both of these cases the experimental 
procedures were different from cathodic charging, 
and involved different mechanisms of hydrogen in- 
fusion. Hudson found that roughening the surface 
by sandblasting increased the rate of hydrogen 
absorption during acid pickling. The increased 
rate probably can be attributed to the strain energy 
of the sandblasted surface, which undoubtedly 
affects pickling behavior. Furthermore, the severely 
cold-worked zone may have been substantially etched 
away during pickling. 

Smithells and Ransley [10] measured the permea- 
tion of hydrogen at 673 °C and 0.77 mm Hg pressure 
and found that the permeation rate through polished 
iron specimens was increased 10-fold by acid etching. 
Under these conditions the increased permeation 
rate probably resulted from the increased surface 
area provided by the etching. 

The present sandblasting experiment did not 
separate the effects of cold work and surface rough- 
ness; consequently, no conclusion can be drawn as 
to which is more effective in reducing hydrogen per- 
meation. However, another experiment (sec. 4.3b) 
in which surfaces were roughened by chemical etch- 
ing, did confirm that roughness, alone, decreases the 
permeation of electrolytic hydrogen. 


4.3. Effect of Prior Charging 


Inasmuch as surface condition is known to affect 
the entry of hydrogen into iron, an attempt was 
made to study this effect with specimens having 
metallurgically ‘clean’? and strain-free surfaces. 
Specimens were prepared by both acid pickling and 
by the ceramic coating-bright annealing technique 
(Groups D and E table 1). It was known that both 
methods inherently result in the uptake and reten- 
tion of hydrogen in iron, but it was not known what 
effect this precharged hydrogen would have on 
subsequent electrolytic charging. Figure 4 compares 
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the permeabilities of specimens prepared by these 
two methods with the permeability of a normalized 
finely ground specimen. This figure shows that the 
hydrogen ere grt rate through a prior-charged 
specimen (acid pickled or ceramic coated), quickly 
reached a maximum aie then dropped to a lower 
steady-state value; in contrast, the normal con- 
dition is for the rate to start low and gradually in- 
crease until a steady state is reached. This initial 
abnormal behavior of the prior-charged specimens is 
undoubtedly due to diffusible occluded hydrogen, 
which rapidly becomes activated when hydrogen 
pressure from electrolysis is applied to the specimens. 


a. Ceramic Coating 


It has been shown in porcelain enameling tech- 
nology [11] that, at the firing temperature, iron 
becomes saturated with hydrogen made available 
by the chemical reaction of water dissolved in the 
class with the hot iron, and the metal subsequently 
becomes supersaturated with hydrogen when it is 
cooled to room temperature. Some of this occluded 
hydrogen may diffuse out of the iron, eventually 
building up enough pressure at the iron-enamel 
interface to fracture the enamel. The same con- 
ditions were present with the ceramic-annealed 
specimens except that the hydrogen was not re- 
strained from diffusing out. 

It is probable that a substantial fraction of the 
occluded hydrogen escaped from the iron specimens 
between the time they were precharged and the time 
that electrolytic permeation measurements were 
made. This time delay varied from 2 to 120 days 
and, surprisingly, the length of the delay bad no 
significant effect on the permeation behavior. This 
fact seems to indicate that the quantity of pre- 
charged hydrogen in iron remains fairly constant 
after the first 48-hr holding period. 


Inasmuch as structure and surface are both 
affected by ceramic annealing, the cause of the re- 
duction in steady-state permeation could not be 
determined. The resistance of the metal structure 
to the passage of hydrogen undoubtedly was altered 
by the annealing process, but also the surface was 
roughened as a result of selective dissolution of metal 
grains by the enamel. 


b. Acid Pickling 


Acid pickling roughens the metal surface but has 
no effect on the internal structure (other than intro- 
ducing hydrogen). ‘Therefore, it appears that the 
reduction in steady-state permeation is the result of 
the aforementioned catalytic effect of rough surfaces. 

The steady-state rates of both the acid-pickled and 
ceramic-annealed specimens could be varied by 
changing the conditions of precharging; also, the 
heights of the peaks shown in figure 4 varied greatly 
even among replicate tests. However, the relative 
positions of these curves with respect to the normal 
curve remained unchanged. 


c. Surface Abrading 


Frank and Swets [12] found that hydrogen entered 
and diffused through steel when the metal was rubbed 
with abrasive paper. The effect could be detected 
and measured with a mass spectrometer even when 
dry abrasive paper was used; however, a vastly 
greater flow rate was obtained when the paper and 
specimen were wet. But the maximum flow rate 
observed by this method is smaller by a factor of at 
least 10° than that obtainable by acid electrolysis. 

The specimens prepared as described in table 
Group A probably contained some precharged hy- 
drogen from this source despite great care to prevent 
rusting, yet apparently the amount of hydrogen 
precharged by abrading was too small to affect sub- 
sequent electrolytic charging. This was confirmed 
experimentally by abrading two groups of specimens 
identically except that water was used for one group 
and carbon tetrachloride for the other; there was no 
significant difference between the permeation rates 
of the two groups. 


5. Results and Discussions of Hydrogen- 
Deuterium Permeation 


The solid-line curve in figure 5 shows the st 
state permeation rate measurements of hydrogen, 
deuterium, and mixtures of the two plotted as a 
function of the percent of D,PO, in the D,PO,+H,;PO, 
electrolyte. The dashed line is a theoretical curve 
and is discussed in section 5.3. Each point plotted 
on the graph is the average of six or al specimens 
prepared as shown in table 1, group A~-1. The stand- 
ard deviations about the respective means are indi- 
cated by vertical lines at the points. 

The fact that the curve is concave downward is 
significant and can be readily explained on the basis 
of the deuterium enrichment phenomenon (separa- 


rady- 
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tion factor). The separation factor is defined as the 
ratio of hydrogen to deuterium in the gas liberated 
at the cathode divided by the ratio of hydrogen to 
deuterium in the electrolyte. 


(H/D),.5 


rn S NS 
Chu ’ (H 1D) cane 


(1) 


The separation factor is dependent on a number of 
experimental conditions; consequently, a range of 
values can be found in the literature. Bockris [13] 
reported that at room temperature and at a current 
density of 1 amp/em*, S=5 to 10 in a 1 N aqueous 
acid or alkaline solution. 


5.1. Discussion of the Rate-Concentration Curve 


Although this preferential discharge of hydrogen 
at the cathode may appear to be an adequate 
explanation of the results plotted in figure 5, there 


are other possible contributing effects. It is well 
established that the abundance of hydrogen at the 
cathode signifies little with regard to its rate of 
infusion into the metal (the prime example, obviously, 
is the above-mentioned effect of catalysis). Also, 
one must consider the mobilities of the two isotopes, 
once they enter the metal, and the influence that 
the presence of each has on the other. One of the 
several theories of hydrogen behavior is that the 
crystal structure of iron becomes “opened” when 
hydrogen under pressure, such as by cathodic 
charging, is forced into the structure; i.e., the passage 
of hydrogen through the structure creates lattice 
“rifts”? which then facilitate further passage of the 
gas. Smith [lb] in commenting on the relative 
solubilities of hydrogen and deuterium in iron as 
reported by Sieverts et al., [14] noted that the 
observation of the solubility of deuterium was in 
each instance preceded by a measurement of the 
solubility of hydrogen, a procedure which may 
very well have increased the permeability and 
capacity of the metal for deuterium. Also, in the 


case of palladium, Smith [lc] further states that 
“the more penetrative hydrogen is capable of opening 
up the metal so that it is afterward readily permeable 
to deuterium.” 

In light of the above, it is conceivable that the 
shape of the experimental rate-concentration curve 
(fig. 5) is influenced by interactions between the 
two isotopes after being discharged from the 
electrolyte; consequently, this possibility was 
explored. 


5.2. Separation Factor and Separation-Permeation 
Factor 


The discharged gases, both before and after per- 
meation through the iron, were analyzed in order 
to determine quantitatively the separation factor 
and the combined effect of the separation factor and 
the permeation rates of mixtures of the two iso- 
topes. The term “‘separation-permeation factor,’ 
S-P, was used to express this combined effect and 
is defined as the ratio of hydrogen to deuterium in 
the permeated gas divided by the ratio of hydrogen 
to deuterium in the electrolyte. Thus, 


(H/D) 


perm. gas 


(A/D) stn 


S-P 
The gases that diffused through the iron were 
collected for analysis in either of two ways: (1) the 
downstream reservoir was filled with di-n-butyl 
phthalate as described earlier and the diffusant, 
after displacing the di-n-butyl phthalate and bub- 
bling up through the liquid into the graduated cyl- 
inder, was transferred to an evacuated sampling 
container, or (2) the downstream reservoir was emp- 
tied and connected directly to the sampling con- 
tainer and both were evacuated prior to starting 
diffusion. One sample of undiffused gas was col- 
lected from the electrolyte side of the cathode for 
determination of the separation factor. In this case, 
the electrolyte chamber was connected to a closed 
system that was initially outgassed. 

The results of the mass-spectrometer analyses of 
these various samples, together with the computed 
separation-permeation factors, are shown in table 2. 
The results of the first three tests are considered 
approximate because of probable errors in the stated 
compositions of the electrolytes. Some hydrogen 
contamination of the D,;PO, undoubtedly occurred 
during the preparation of the acid because of the 
extreme hygroscopic nature of P,O,; also, the electro- 
lytes were exposed to the open atmosphere during 
electrolysis (8 to 12 hr). 

In contrast, special precautions were taken to 
prevent contamination of the electrolyte by atmos- 
pheric moisture in Test No. 4, and because this 
electrolyte was near the composition midpoint, the 
experimentally determined values of the separation 
factor and the combined separation-permeation fac- 
tor are mathematically the least sensitive of the 
four tests to errors in composition. Also, the com- 
position of electrolyte No. 4 was adjusted to correct 
for the slight change that occurred during electrolysis. 
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TABLE 2. Analyses of the 
ot differe nt compositions and the 


originating from electrolytes 
respective separation factor 


gases 


and s¢ paration-permeation factors 


H:D of HI: D of 
gas liberated paration | permeated 
at cathoce factor (S gas 


Separation- 
permeation 
factor 


1tomic 
percent 
9. 2:90.8 
65. 8:34. 2 
79. 1:20.9 
90. 0:10.0 


spheric pressure over di-n-butyl 
pressures in evacuated chambers 


5.3. Calculation of the Theoretical Rate- 
Concentration Curve 


If there are no side effects resulting from inter- 
actions of the two isotopes and if the separation 
factor is constant, it is possible to calculate the 
permeation rate which would be obtained from any 
initial mixture, when the value of the separation 
factor and the two terminal permeation rates are 
known. Thus, it can be shown that the permeation 
rate, /?, of the mixture of gases yielded by any ratio 
of the isotopes in the electrolyte is given by 


1L00V 


Sq00—V)- ° 


} 
where \'=percent 
the electrolyte, m 
the terminal and ¢ 
hvdrogen (see app. for 

The theoretical curve is drawn as a dashed line 
in figure 5, and it is apparent that this curve is 
significantly different from the experimental curve. 
The fact that the latter lies below the former indicates 
that a net retarding effect results when the two 
isotopes are mixed. Had the experimental curve 
displaced above the theoretical curve, the 
interpretation would be that there was a net accel- 
erating effect; i.e., that the presence of the hydrogen 
opens up the structure or otherwise speeds up the 
passage of deuterium without itself being propor- 
tionately slowed. 

It was assumed that the separation factor was 
constant at all concentrations, but if Sis not constant, 
the shape of the theoretical curve would be different 
from that shown in figure 5. Bockris and Koch 
[15]: have calculated the separation factor for iron 
as a function of (H/D) om from measurements of the 
exchange current densities of HC] and DC] solutions. 
These authors concluded that S is nearly constant 
from zero to about 70 percent deuterium, but 
above 70 percent deuterium, S decreases as deuterium 
increases. The effect of such behavior of the 
separation factor on the theoretical curve would be 
to reduce the divergence between it and the experi- 
mental curve above 70 percent deuterium; obviously, 
this effect would weaken the interpretation given 
in the preceding paragraph. 


deuterium in 

line joining 
permeation rate of 
de ‘rivation). 


concentration of 
slope of straight 
rates, 


been 


5.4. Significance of the Separation-Permeation 
Factor 


It can be shown that if there are no side effects 
from interactions between the two isotopes, the 
separation-permeation factor is equal to the product 
of the separation factor and the ratio of the H and 
D terminal permeation rates. Thus, 


g Ru 
°F. (4) 


S-P 


Inserting the value of S from Test No. 


terminal rates from figure 5 


4 and the 


a ee 
6.0 


Y -— 
S-I 39.2 


9.9. 


However, the experimental value of S-P (from 
Test No. 4) was found to be 9.5. While the differ- 
ence in these two values may not be significant, it 
is in the right direction to indicate that the overall 
reduction in rate is suffered at the expense of 
hydrogen. 


5.5. Limitation on Interpretation of Results 


The conclusions from these experiments are 
necessarily tentative for three reasons: (1) the S and 
S-P values are from a single test, (2) S may vary at 
high deuterium concentrations, and (3) the deuterium 
terminal « composition was not actually 100 percent 
but probably nearer 99 percent as a result of the 
previously mentioned contamination of the 99.8 
percent starting material. If it is true that hydro- 
gen tends to open the metal structure more than 
deuterium, then it is conceivable that a small fraction 
of hydrogen, even on the order of a few ppm, could 
have a significant effect on the apparent deuterium 
permeation rate. Thus, the rate for very pure 
deuterium could be much less than that of the impure 
material (99+-%) which would have the effect of 
bringing the calculated curve of figure 5 closer to the 
experimental curve and invalidating all calculations 
based on the observed deuterium terminal permea- 
tion rate. 


6. Summary and Conclusions 


The permeation rates through iron of mixtures 
of hydrogen and deuterium discharged from acid 
electrolytes were found to be consistently !ower than 
the calculated rates based on the relative availabili- 
ties of the two isotopes and the values of their 
individual permeation rates. The discrepancy was 
attributed to interference with the hydrogen by the 
heavier, slower deuterium within the iron structure, 
resulting in a net retardation. 

The separation-permeation factor, which is a 
measure of the preferential discharge and permeation 
of hydrogen with respect to deuterium, gave a clue 
to the mechanism of the overall reduction in permea- 
tion rate. Although not rigidly conclusive, the indi- 
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cation was that the flow of hydrogen, whether or not 


it increases the flow of deuterium, as has been postu- | 


lated, is itself disproportionately interfered with by 
“" presence of the latter. 

The recent findings of previous investigators 
that severe cold work and surface roughness reduce 
permeation of cathodic hydrogen were confirmed; 
however, where both conditions prevailed simul- 
taneously, there was doubt as to which had the 
greater effect. 

4. lron containing substantial amounts of hydro- 
gen, precharged either 
celain enameling, displayed higher initial cathodic 
permeation rates but lower steady-state rates. 
Precharging iron with very small amounts of hydro- 
gen by abrasion under water did not affect electro- 
lytic permeation. 
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8. Appendix 


Derivation of an equation for calculating the com- 
bined permeation rate through an iron cathode of 
hydrogen and deuterium liberated from an electro- 
lyte containing a mixture of the two isotopes. Given: 
Separation factor and individual permeation rate of 
each of the two isotopes. 

If S (the separation factor)=1, then all 


values 


| of R (the permeation rate) would be expected to fall 


on a straight line connecting the two terminal 
points and could be expressed mathematically by an 


| equation of a straight line: 


R=mz+e (1) 
where 


R= ordinate on a coordinate plot, as in figure 


v0. 
m= slope of the line joining the points. 
r= percentage concentration of one isotope 
(increasing along the abscissa from 0 at 
the origin). 
permeation rate of 
(2?-axis intercept). 


the other isotope 


But if S#1, then by definition the hydrogen- 
deuterium concentration at the cathode is different 
from the bulk concentration and the two are related 
thus: 

H, _¢ H 
D. D 


7. : : 
where D is the concentration ratio at the cathode, 


i, : 
and D's the bulk concentration ratio. 


Let 
u=the concentration of 
cathode in percent 
the bulk concentration of 
percent 
the bulk 
percent 


deuterium at the 


deuterium in 


100-V concentration of hydrogen in 


| then 
D. D 
100 D, had H. 1% oR 
ae he Se 
“ea eee 
100 D 
D+H 
SH 
D+H 


_100D 
~D+SH  D_ 
D+H 
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100 D 1) and inserting the experimental values 
D-+H 
m 0.204 
“ 100 H = S—6.5 
100-1 D | H (oO) Cc 59.6 
eq (7) reduces to the equation of the dashed curve 
D HH. ; in figure 5. 
by substituting D-H and Du from eq (4) and (5) 
ae | eae 20.4 V 
into eq (3) io 9.00 —5.5 V 
i wU—d.é 
100 J} as 


ur —S(00-)7 (6) 


(S) 


Then by substituting uw for z in eq (1) above, the 
general equation becomes 


100 V = 
V—S(100 yyre (“) 


(Paper 67C2-124) 
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Steady State Heat Conduction in Cylinders With 
Multiple Continuous Line Heat Sources 
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A mathematical analysis is presented for steady state heat conduction in cylinders, 
consisting of one or two isotropic materials disposed in concentric cylindrical volumes around 
the axis, heated by one or more continuous line heat sources parallel to the axis. The 
analysis considers both cylinders of infinite length, and cylinders of finite length subject 
to longitudinal heat flows arising from end conditions. Numerical solutions are given 


considering the line sources to be equal in magnitude and equally spaced angularly at 


a 
uniform radius from the axis. 


An outgrowth of this analysis has been the consideration 
of several new methods for the determination of the thermal properties of materials. 


1. Introduction 


This paper presents a mathematical analysis of steady state heat conduction in a cylinder, 
consisting of one or two isotropic materials disposed in concentric cylindrical volumes around 
the axis, heated by one or more continuous line heat sources parallel to the axis. The analysis 
considers both cylinders of infinite length, and cylinders of finite length subject to longitudinal 
heat flows arising from end conditions. The length of the line heat sources equals the 
length of the cylinder. 

Problems concerning a single continuous line heat source are 
Jaeger [1]... The methods used in their book for single sources give an insight useful for the 
solution of problems involving multiple sources. In this paper, the multiple line sources are 
considered to be equal in magnitude, and to be equally spaced angularly at a specific radius 
from the axis. However, it is possible by the method used to obtain solutions for multiple 
sources having various and differing magnitudes, radii, and angular positions. 

This investigation was made in connection with an experimental steady state method [2 
of determining the thermal conductivity of granular materials, using the arrangement shown 


treated by Carslaw and 


— b ———> 


LINE HEAT 
SOURCES 








FiGuRE 1. Cross section of two concentric cylinders 
with line heat sources in the inner cylinder. 








REGION | — ‘ REGION 2 
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Figures in brackets indicate the literature references at the end of this paper 
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schematically in figure 1. The granular material comprises region 2. A long cylindrical 


is heated electrically by resistance wires in the equally spaced small 
longitudinal holes of the core. A thermocouple in the central hole of the core indicates its 
temperature at the axis, from which the average core surface temperature is inferred. If 
there is no heat source or sink inside the region enclosed by the circle of heater wires and 
there is negligible contact resistance between the two regions, it is intuitive that the tempera- 


ceramic core (region 1) 


ture in the hole of radius ¢ at the center of the core is equal to the average temperature at the 
radius passing through the circle of heater wires. 
sources. 


The holes are assumed to be virtual line 
On this basis, a simple expression can be written for the average temperature at 
the radius of the hole at the center of the core: 


Tr, mQ (In a/r’ +o ln b/a] m@ In b/a | i+ In a/r ] a) 
2rk, oaks 


o ln b/a 
where 


temperature in hole of radius ¢ at the center of the core, 
uniform temperature at radius, r=), 

heat input of line source per unit time per unit length, 

number of line sources, 

k,/ke, 

thermal conductivity of inner cylinder material, 

thermal conductivity of outer cylinder material, 

outside radius of inner cylinder, 

outside radius of outer cylinder, 

radius passing through heat sources (r’<a). 
If the other fixed quantities in it are known, eq (1) serves for the experimental determina- 
tion of o, or, if an adequate value o can be assumed, of k,, the thermal conductivity of the 
material of the outer cylinder. 


In this paper, eq (1) is derived analytically for cylinders of infinite length, and an exam- 
ination is made of departures if the core temperature were measured not at the center of the 
core, but at a small radius and variable angular position. For cylinders of finite length, with 
temperatures measured at midlength, departures from eq (1) due to longitudinal heat flow 
caused by end effects are given for variations in o and cylinder length. 


2. Mathematical Development 
2.1. Infinitely Long Cylinder 
a. Single Line Heat Source 


Consider a single continuous line heat source of magnitude Q heat units per unit time per 
unit length and infinite in length, located in an isotropic medium at radius 7’, polar angle ¢’ 
At a point in the medium, (r, ¢), the distance measured from the source is R 


— 
42 
; 


[r°+r’°—2rr’ cos 
(y—¢’)|*. The heat flux from the source at a line of unit length parallel to the source must be 


satisfied by the limit 
' dé 


where k is the thermal conductivity of the medium containing the source and @ is the tempera- 
ture above an arbitrary datum temperature. The above limit is satisfied if 


6 — In R. 
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The following identities are necessary for further development of the problem 


In R=In r’ ->° (? r ;) cos n(¢ 


n=l n 


2. (r’\" cos n(g—¢’ ) : 
In r—>) ( ) ’ oe (4) 
n=] r n 

By use of the above identities, eq (3) can be readily shown to be a particular solution to a 
partial differential equation for heat conduction: 
1 06, 
aE ee a 0, 
+ ror Tr ow 
Here, the source is assumed to be contained in region s=1, where e<r<a; for region s 
a<r<b. Solutions to (5) are: 


7 ; P 
For region 1, e<r<r 


mpeg [ner Mee (5) +4. (Ss) +B) }] 


‘region 1, 7’<r<a 


‘region 2 


i) cos Nnig—¢g 


—Inr+P;+>5 
2rk;, st 2 nm 


The constants P;, P2, P3, A,, B,, C,, and D, are determined from the boundary conditions: 
6.=0 at r=) 


at r=c 


ki 5 


= me 086; . Pa , ‘ 
lhe boundary condition, =~=0 at r=c assumes that the region 0<r<e contains a perfect 


or 
insulator, and does not assume the temperature at r=c to be constant. This boundary condi- 
tion is a mathematical expediency for the development to the problem of more than one line 
heat source, where the heat flows directed toward the center from heat sources positioned on 7’ 
tend to nullify each other at r=c. The degree to which the gradient becomes negligible at 
r=c depends upon the uniformity of the magnitudes and positions of the heat sources. From 
a practical viewpoint, this boundary condition approximates a system where region 1 is com- 
posed of a material of high thermal conductivity and the region 0<r<e is a thermal insulator. 
Otherwise, for the single heat source, the region 0<r<e, and its thermal conductivity must be 
introduced into the analysis. 
Substitution of the boundary and continuity conditions in eq (6) gives for region 1 


i=5. - (In a/r’ +o In B/ [a)+55- > wet i =2)/(5)" 7 +(5)"4 +¥a(0) | 


n=1 GS 
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’ where 


; 


(oN 1) ( = 


(oXZ+ DE -( 


: 1 ! (~) 


(a/b)* 
(a/b)? 


a, interchange 7 and r’. 
b. Multiple Line Heat Sources 


Consider m continuous line sources of magnitude (, at ( 


separate solutions involving g, are additive. Thus, 


(3) H5 y+y.(r) 


5° pe OF 
Qrk, = h — 


In a/r’ +o In b/a| 53Q,4+ 


I 


If Y,=, and g,=2rp/m, i.e., equally spaced equal line sources, then 


x 


— 


a. > 2) a 
> a a( ~ <7 p ) -_ aT Pq e a7 PY 
l 4 


cos gg> cos 4+-sin qe sin 
m m ? 


0 for g~Amn 


m cos mng for g=mn, 


and eq (10 becomes * 


mQ md COs ge r\‘ c* \f 
“(In a/r’+ce In b/a|+= >> ( 7) + ;) ty, (7) 
2k Qrk, si r r : 


n 


mii 


where gq=mn. 


Using (4), and rearranging, eq (11) becomes valid for the whole region 1, e: 


Q l Side ox % 
ak | me In b/a— s In ; ) cos Ng 


c “g COS d¢@ 
( ;) cos me b-+m3 yd) } (12) 
v7 q : 


Inspection of (9) shows that the ratios Y, Z, and the dimension ratios are less than unity, 
so that the expression y,(r), in (12), for m>2, becomes quite small with increase in n, and 
only a few terms of the series need be evaluated. 
The average temperature, 6,, at anv radius r, can be found by integrating eq (11) with 
respect to ¢, or 
md. : 
€ tna r+qo In b/a}, 
Ink 
“Th 


m¢ ’ 
~ In a r’+-o In b/a}, 


2rk, 


d by considering a wedge, t=re'v, 0<¢<2x/m, c<r<b, with a line source at r=r’ lying on its bisector, 
s assume no heat flow across the boundaries of the wedge. Making the transformation w= gives a single 


z the single line source solution (8), a transformation from the w to ¢ plane gives (11 
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Equation (13) substantiates eq (1), which was arrived at intuitively. Similar integration of 
(10) with respect to ¢ leaves only the first term of the right side of (10). If it is assumed 


m 
that mQ,,.=>> Q,, then eq (1) is valid for reasonable variations of the distribution and mag- 
p=l 


nitude of the heat sources on the radius r=r’ (see discussion following (7)). 
For a finite number of sources, it is of interest to investigate the ratio 


6, 


p== (14) 
6, 

at r=c, as a function of the angle ¢ for variations in the number of line sources and in a, the 
ratio of thermal conductivity in the first region to that in the second. Numerical solutions are 
shown in figures 2 and 3, where the radial dimensions were fixed by means of the following 
ratios: b/a=5.0, r’/a=0.7, and c/a=0.2. 
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Ficure 2. Infinite composite cylinder—Ratio B eq 
(14), versus angle for increasing number, m, of line 


Figure 3. Infinite composite cylinder—Ratio B eq 
sources, with ¢=10, b/a=5, r’/a 


(14), versus angle for various values of ¢(=ki/k2), 
0.7, and c/a=0.2. with m= 3, b/a=5, r’/a=0.7, and c/a=0.2. 


2.2. Cylinder of Finite Length 


a. Single Line Heat Source 


The heat flux from a continuous line heat source in the finite cylinder (0<z</) 


must 
satisfy the limit (2). 


A solution that satisfies (2) and the partial differential equation 


078, 100, 10°, Oa 
- = ) 
arty rte at on °, 





The following identities and definitions are necessary for further development of the problem 


K, (ak) > > cos i(e ¢’)K,(ar’ )I (ar) 


i x 


K,(aR)= >> cos i(g—¢’) Ki(ar)I (ar’) 


a, 
1, (2) K,(y)— Thy) Ky (2) 
L(x) Ki(y)—-DLW)K, (2) 
Lii(2)\Ki(y)—DTi(y) Ki (2) 

F(z, 2)=FL (2x, z)=0 

Fi(z, x)=—1/z. (17) 


Where J,(z) and K,(x) are modified Bessel functions of order n, and of the first and second 
kind, respectively. 


Proceeding as in section 2.1.a, and using (17), the solutions for the two finite regions of 
the composite are: 


for region 2, a<cr<b 
» (jm jar 
; Fi , s ) 
M, cos 1(g—¢’) ; 
' FP (= ja) 
gs OY sear 


20 + 
1k, | 


for region 1, 7’: 


, 


$B cosite-or {x (T)(F 


for region 1, ¢ 


U, (2 )=Pua (7) 0K, (=) 


where 


M,, P;, and Q; must satisfy the boundary and continuity conditions (7). The exterior bound- 

ary condition, that @=0 at the surfaces z=0, z=I, and r=), is satisfied by the above equations. 

For region 1, ecr<cr’ 

20 sin ~~ 
he, 

wk, 


, 


>> y:(r’,r) cos i(g—¢’) 
t 


where 


F (2, 3) kes ans )n( iss )—oF’ (i, ims ) F’ (2, = )] 





c 


0; 


5.=—oF, (= int) F’’ i, ime) _ (2, im F’ (2, in), 
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b. Multiple Line Heat Sources 


Consider, as in section 2.1.b, m equally spaced equal sources at r=r’. Equation (19) 
becomes 


sin 27" 


2mQ < ie 3 
6 nee Sn yo(r’, 7) +2 >>3 y,(r’,7r) cos ge 

. wk, tt J t = iat s J 
where g=mi and j=2n-1. 


It is of particular interest to evaluate the mean temperature at r=e and z=//2, 


2mQ = (—1)""' 


a : o(7’ ,c) 
nk, n=\ J 


to determine the effects of longitudinal heat flow by the ratio, 7, of this temperature to the 
average temperature for the infinitely long cylinder at r=c as given by (13): 


T = . (21) 


6. 


. (6.). 1/2 


Numerical solutions for + versus the dimension ratio //b for various values of ¢. are shown in 
figure 4 for fixed radius dimension ratios b/a=5.0, r’/a=0.7, c/a=0.2. 
ine) 


FiGure 4. Finite composite cylinder—Ratio 7 eq (21) 
versus 1/b (cylinder length/outer radius) for various 


- , 


values of o, with b/a=5, r’/a=0.7, and c/a=0.2. 











2.3. Special Cases With o=1 


An interesting special case of multiple line sources in an infinitely long cylinder is the 
case Where k}=k,. Substitution of o=1 in (11) gives 


nQ os mQ — cos qe! /r\* ity Quer 
hk, m8 T Onk, om q ( r’ ) +( rr’ ) vir) | 


9 7 
a 


where 


(r — 
V(r) 6? \¢ ro 
(—)+(% 

rr r 

For r=c and for e< <r’ <6, only the first term in (22) need be considered. Physically, this 
special case represents a single cylinder of homogeneous material, in which m heater wires 
parallel to the axis are embedded at a radius r’ with equal angular spacing. The temperature 
is measured at the axis of the cylinder. 

For the special case in a finite cylinder where c=0 and k,=k, or o=1, the y, of eq (19) 

becomes 


l 
i( : )= etd, 2. en 
Wy? L, (= ) 


l 


I, >) F, ( kerb kerr’ ) 
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3. Discussion 


The variations in temperature at a radius ¢ (e<r’) with respect to angle are illustrated 
in figures 2 and 3, using fixed values of the radius dimension ratios b/a, r’/a and e/a. Figures 2 
and 38, for the infinitely long evlinder, show that the angular variation decreases with increase 
in the number of line sources (m), and also with increase in the value of o=(k,/k.). The latter 
is intuitively evident since the magnitudes of all temperature differences in the inner cylinder 
obviously are reduced as its conductivity increases relative to that of the outer cylinder. 

Figure 4 shows the above-datum temperature at the center and midpoint of a cylinder 
of finite length as a fraction of the corresponding temperature attained in an infinitely long 
evlinder (eq (1)), for variations of ¢ and of //b, the ratio of the cylinder length to the outside 
radius of the outer cylinder. Since this analysis assumes that the ends of the two concentric 
cylinders are maintained at the same temperature (@=0) as the outer surface at r=, the l/b 
ratio necessary to maintain a specified 7-value from figure 4 may be somewhat different from 
that encountered in most applications. With an increasing value of ¢, longitudinal heat flow 
in the inner evlinder increases relative to the radial heat flow, hence it is necessary to increase 
the cylinder length to avoid an increase in the error. For values of « much less than unity, 
the length of cylinder necessary to restrict the error is controlled chiefly by the effect of lon- 
gitudinal heat flow to the ends of the outer cylinder. 

This analysis confirms that for steady radial heat flow in angularly isotropic infinitely 
Jong circular cylinders, the temperature at the axis is equal to the average temperature over 
any coaxial cylindrical surface which does not envelop a heat source. Thus, in such a eylin- 
drical system having steady line heat sources parallel to the axis and all at a radius 7’, the 
temperature at the axis is equal to the average temperature at the cylindrical surface of radius 7’. 
If the line sources were uniformly spaced angularly, there would be no difference in average 
temperature or heat flux at a radius greater than 7’, whether the heat was supplied by the 
distributed line sources and the average temperature at 7’ was determined by a measurement 
at the axis, or whether the same aggregate heat was supplied at the axis, and the temperature 
at 7’ was determined by averaging the temperatures measured at the several angular positions 
at 7’. In short, the axial position and the equiangular positions at r’, respectively, can be 
used interchangeably as sites for heat supply or temperature measurement, as convenient, 
without affecting the average heat flow pattern in the cylinder beyond 7’. 

The use of equiangularly distributed line sources for heat supply has advantages in some 
applications. For example, the apparatus described by Flynn [2] used a cylindrical ceramic 
core as a central heat source in testing a hollow cylinder of fine granular material. If the 
granular material were very coarse, the thermal contact between the granular particles ‘and 
the smooth convex ceramic surface might be enough different from that between particles to 
cause an unwanted and not easily ascertainable temperature drop in the critical region near 
the ceramic core. If, on the other hand, such a coarse granular material were tested as a 
complete cylinder, with temperature measured at the axis and line heat sources at radius 7’ in 
the material (i.e., the case of o=1, eq (22)), the oddities of thermal contact of particles with 
the line heat source would be inappreciable at short distances from the line sources, since the 
heat flow there would be that occurring in the particulate region. 

Another example, of possible experimental interest, is that of conducting a measurement 
of the thermal conductivity of a solid by the Powell “‘stacked-disk”” method [3], but using 
the axial hole for the temperature measurement and the inner circle of holes (preferably three 
or more) for heat supply, in reverse of the arrangement used by Powell and by others. In 


this way, uncertainties arising from measurements of temperature in regions of large tempera- 
ture gradient, or due to disturbances of the heat flow pattern by the thermocouples, would 
be largely avoided. 





The author is indebted to J. C. Jaeger, Professor of Geophysics in the Australian Nationa! 
University, for his comments on an earlier draft of this paper. 
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A Radial-Flow Apparatus for Determining the Thermal 
Conductivity of Loose-Fill Insulations to 
High Temperatures 


D. R. Flynn 


(November 28, 1962) 


A description is given of an apparatus used for determining the thermal conductivities 
of loose-fill granular materials in the temperature range 100 to 1,100 °C. The method used 
in making these determinations was that of radial heat flow through a hollow cylinder of 
specimen material contained between a central ceramic core and an outer ceramic shell. 
The heat flow through the specimen was determined by measurement of the power input to 
a heater in the central ceramic core. The radial temperature drop through the specimen 
was inferred from temperatures measured in the core and in the shell, thus avoiding entirely 
the problems of measuring a temperature difference within the specimen material. Experi- 
mental results with an estimated uncertainty of 3 percent or less are presented for diato- 
maceous earth having a density of 0.15 g/em’, and for aluminum oxide powders having 


densities of 0.40 and 0.44 g/cm. 
to possible sources of error. 


1. Introduction 


Various loose-fill thermal insulations are used, in 
conjunction with appropriate guarding, to reduce 
extraneous heat flows in several thermal conductivity 
measuring devices under development in the Heat 
Transfer Section at the National Bureau of Stand- 
ards. Since such heat flows cannot be entirely 
eliminated, it is necessary to know the approximate 
thermal conductivity of these insulations in order to 
effect appropriate corrections. In designing an 
apparatus for determining the thermal conductivity 
of these insulations, it was decided to aim for an 
accuracy of 5 percent or better, because of the 
general interest in thermal conductivity of loose-fill 
materials, both from an engineering and from a 
theoretical viewpoint. 

The purpose of this paper is to describe an appa- 
ratus and method used for determining the thermal 
conductivity of loose-fill materials. Experimental 
results are presented for diatomaceous earth and 
aluminum oxide powder in the temperature range 
from 100 to 1,100 °C. Factors affecting both the 
precision and accuracy of the measurements are 


discussed. 
2. Method 


Radial heat flow in a hollow cylinder of loose-fill 
insulating material was selected as the method for the 


measurements. A cross section of the essential 
elements of the apparatus is shown in figure 1. The 
specimen was contained within the annular space 
between the outer radius, a, of the ceramic core and 
the inner radius, 6, of the concentric shell. A known 
quantity of heat per unit time generated electrically 
in the ceramic core flowed radially through the speci- 
men to the concentric ceramic shell. The ceramic 


A discussion of the test method is given, with attention 


core had a concentric ring of equally spaced holes 
at a radius, r’, parallel to the axis, each containing 
a heater wire. ‘Temperatures were measured by an 
axial thermocouple in the ceramic core and by 
tangential thermocouples in the ceramic shell at 
radius c, only one of which is shown in figure 1. 


CORE HEATER 


THERMOCOUPLE 
WELL 


CERAMIC 
CORE 


CERAMIC 
SHELL 


SPECIMEN 
MATERIAL 


Figure 1. Horizontal cross section of the essential elements of 


the apparatus. 


In figure 1, if the cylindrical surfaces r=a and r=6 
are each isothermal, the heat flow between these 
surfaces will be radial except near the ends. In gen- 
eral, the thermal conductivity of the specimen ma- 
terial will vary with temperature, and the heat flow 
rate, g, through a cylindrical element of unit axial 
length is 

g=—2nkr a. 


dr 
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Temperature is denoted by the symbol 7’, the tem- 
perature-dependent thermal conductivity by k, and 
the radial coordinate by r. For reasonable tem- 
perature differences, the thermal conductivity of the 
specimen material can be assumed to vary linearly 
with temperature; then (1) becomes 


oaks} T_T ar. 

dr 

k is the thermal conductivity at an arbitrary refer- 
ence temperature, 7’, and a@ is the corresponding 
temperature coefficient of thermal conductivity. 
Integration of (2) yields, after substitution of 
boundary conditions, 


Qk (T. 

In bh a 
where 7’, is the temperature at r=a, T, is the tem- 
perature at r=b, and k corresponds to the temperature 
T, which is given by 


(4) 


If the circle of heater wires at r=r’ 
uous cylindrical heat source, the entire region r<r’ 
inside the heater circle would be isothermal. For 
the case of a finite number of line heat sources at 
r==r’, the temperature measured at the axis is equal 
to the average temperature at the radius of the 
heater circle [1]! (see also sec. 5 The heat flow 
to the surface of the core per unit length is given by 


were a contin- 


2rk.(T,—T,) . 
- 9 (2) 
Ina) 
where 7; 


is the temperature measured in the axial 
we ll, 


and k&, is the thermal conductivity of the 
ceramic core material, corresponding to a tempera- 
ture (7)+T7,)/2. 


Sishilesty, for the outer ceramic shell, 


In e/b (9) 


where 7’. is the temperature measured at r=c, 
k, is the thermal conductivity of 
material at (7',+T7,)/2. 

If there are m heater wires at r=r’, 
heat at the rate qg’ per unit length, 
generated per unit length of core is 


and 


shell 


the ceramic 


each generating 
the total heat 


q mq’. (7) 


Combination of eqs (3), (5), (6), and (7) yields 


In bla 
: ma ( Ina r’ 


, 
mq 


4lne b 


)\ 


paper, 


which is the equation used for purposes of caleula- 
tion of all thermal conductivity data presented in 
this paper. 


3. Experimental Procedure 
3.1. Apparatus 


A vertical cross section of the thermal conductivity 
apparatus is shown in figure 2. The specimen was 
contained in the annular space between the central 
ceramic core, Which was supported at both ends, and 
the concentric ceramic shell, which was supported by 
Transite end pieces. The space between the ceramic 
shell and the outer stainless steel case contained 
loose-fill thermal insulation. 

The ceramic shell was a hollow mullite cylinder, 

61 em long, with an inner radius of 3.2 em and an 
outer radius of 3.83 cm. A helical groove (about 1.6 
turns/cm) on the outer surface was wound with three 
separate heaters of 0.10 cm Kanthal A-1 heater 
wire. The main shell heater was 41 ¢m in length; 
the upper and lower shell heaters were 5 ¢m in 
length. A length of 5 cm at each end was not 
wound. The upper and lower shell heaters pro- 
vided extra heat needed to offset end losses, so that 
longitudinal temperature differences in the central 
region could be minimized. 
* The central core was an extruded mullite rod, 46 
em long and 1.27 em in diameter. Sixteen equally 
spaced holes, 0.08 cm in diameter, extended the 
entire length of the rod. The centers of the holes 
formed a circle of 0.43 cm radius. The core heater, 
which provided the heat flowing radially through the 
specimen, consisted of a continuous length of plati- 
num-20 percent rhodium (0.05 cm diam) wire 
threaded back and forth through the 16 holes. 
Current lead wires to this heater, and lead wires to 
its two voltage taps located at the upper end of the 
ceramic core, were brought in through the hollow 
ceramic upper support for the core. The core was 
supported below by a ceramic pin, as shown in 
figure 2. Both the upper and lower supports were 
provided with small platinum-20 percent rhodium 
heaters to minimize longitudinal heat flow at the 
ends of the ceramic core. 

Temperatures in the apparatus were determined by 
means of six platinum: platinum-10 percent rhodium 
thermocouples. These thermocouples were fabri- 
cated from calibrated thermocouple wire, 0.04 em 
in diameter. 

Three thermocouples were positioned in the 
ceramic shell at the midplane of the apparatus. 
These were inserted into tangential holes (fig. 1) 
located 120° apart at a radius of 3.5 em. The 
temperature, 7, in (6) and (8) was obtained by 
taking the average of the temperatures indicated 
by these three thermocouples. Two additional 
tangential thermocouples were located in the ceramic 
shell, one 15 cm above and one 15 cm below the 
midplane of the apparatus. 

Temperatures in the core were measured by means 
of a thermocouple which was located in a 0.25-em 
diam axial well and which could be moved vertically 
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by exterior manipulation. A scale fixed above the 
apparatus indicated the position of the thermo- 
couple junction. The temperature measured at 
midlength was designated as 7). 


3.2. Instrumentation 


The three heaters on the ceramic shell were fed by 
variable voltage transformers, which in turn were 
fed by a voltage regulating transformer. These 
heaters were individually regulated by on-off con- 
trollers actuated by thermocouples located in the 
ceramic shell adjacent to the heater windings. The 
heaters on the ceramic core supports were manually 
adjusted by means of variable voltage transformers. 

The ceramic core heater, which provided the heat 
flowing radially through the specimen, was powered 
by a 28-v, 4-amp, regulated d-c power supply, 
with a small bank of power resistors in series for 
adjusting to the desired heater current. Power 
input to the ceramic core heater was determined by 
measuring the d-c current through the heater and 
the voltage drop across the entire length of heater 
wire in the core. These measurements were made 
using calibrated shunt and volt boxes and measur- 
ing their output voltages by means of a precision 
d-c potentiometer. 

The noble metal leads of the six measuring thermo- 
couples were brought to an isothermal zone box at 
room temperature. A thermocouple with one junc- 
tion in the zone box and one in an ice bath was 
placed in series with a double-pole selector switch, 











so that each measuring thermocouple was auto- 
matically referenced against the ice bath {2}. Ther- 
mocouple voltages were read to 0.1 wv on the preci- 
sion potentiometer. 


3.3. Test Procedure 


= 





Cs. 


$< 


The specimen material was placed in the annular 
space between the ceramic core and the ceramic shell 
through the opening at the top of the apparatus. 
The bulk density of the specimen in place was com- 
puted from the weight of specimen material and the 
volume of the test chamber. 

The shell temperature controllers were set at the 
desired temperature, which for the first test in any 
series was about 100 °C, and all heaters were turned 
on. The controllers and power for the heaters at 
the top and bottom of the ceramic shell were ad- 
justed, if necessary, until the temperatures indicated 
by the upper and lower tangential thermocouples 
agreed to within 1 or 2 deg C with the average 
temperature of the three midplane tangential thermo- 
couples. The power to the core heater was adjusted 
to attain the desired radial temperature drop across 
: ;' the specimen, and the power to the heaters on the 
Figure 2. Vertical cross section of the apparatus for deter- I ‘ fe li . 

: . ' . s » 
mining the thermal conductivity of powders. ceramic core supports was adjusted until a travers 
of the thermocouple in the axial hole indicated the 
A. Terminal head for current and —_—=H. Ceramic shell. desired longitudinal temperature distribution. 
voltage leads I, Shell insulation, y : : ¢ . i ens ss 
B. Ceramic support tube. J. Stainless steel case. When a satisfactory steady-state condition was 
C. Upper support heater. K. Lower support heater, at _ ate aha mrarda 7; . 
ae pes > ee aera obtained, the test data were recorded. — With the 
E. Main shell heater. M. Ceramic support rod, axial thermocouple in the midplane position, three 
*, Ceramic core, N. Removable plug. . . 9 . . . 
}° Specimen. T. Thermocouple. sets of readings (at about 20 min intervals) were 
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taken of all thermocouples and of the output of the 
volt box and shunt box. At the end of these read- 
ings, the axial thermocouple was moved to a position 
near the top of the ceramic core. After this thermo- 
couple again reached thermal equilibrium, its output 
was read on the potentiometer. Readings were 
taken at 5 em intervals over a region 15 cm or more 
on either side of the midplane. When a complete 
set of data had been taken, the apparatus was 
adjusted to a new temperature level, as desired for 
the next test. 


3.4. Calculation of Results 


Caleulations of 


thermal conductivity 
means of eq 


(S) were performed by 
digital computer. 
consisted of the average emf readings for each 
thermocouple and the average readings from the volt 
and shunt boxes. Equations for the estimated 
thermal conductivities of the ceramic core and shell 
as functions of temperature, and for temperatures 
as a function of thermocouple emfs, were contained 
in the computer program. 


values by 
means of a 


4. Results 
4.1. Diatomaceous Earth 


Test results for a specimen of commercial dia- 
tomaceous earth are presented in figure 3. The 
in-place bulk density of the specimen was 0.15 g/cm‘. 
The temperature difference across the specimen 
during the various tests was from 30 to 60 deg C. 

The apy squares in figure 3 represent results 
obtained in five tests before heaters were placed at 
the ends of the ceramic core to minimize axial heat 
flows. For these five tests, the temperature differ- 
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conductivity of a diatomaceous earth as a 


inction o} ten pe rature. 


The data input to the computer 


ence between the ceramic core and shell was 10 to 
25 percent less at positions 15 cm from the mid- 
plane than it was at the midplane. (These data, as 
well as those presented below, were calculated using 
eq (8); the effect of a nonuniform axial temperature 
distribution is discussed in sec. 5.2.) 

After these five tests, the specimen was removed 
and heaters were installed on the ceramic core 
supports. The same sample was then reinstalled 
as the specimen, and the data represented by the 
open circles were taken in order of increasing mean 
temperature. After the test at a mean temperature 
of 946 °C were conducted at several lower 
temperatures and finally at a maximum temperature. 
The results of these tests, indicated in figure 3 by 
circles with vertical lines through them, were sig- 
nificantly higher than those of previous tests. 
Removal of the specimen indicated that a slight 
sintering had occurred? The powder appeared to 
be slightly fused together, but was easily broken 
apart. The same sample was pulverized by hand, 
replaced in the apparatus, and the test results indi- 
cated by the open triangles were obtained. 

The curve drawn through the data points in 
figure 3 is the quadratic equation of least-mean- 
squares fit to the open squares, cire ‘les, and triangles. 
The equation for this line is 


tests 


+0.07 2( ae)” (9) 


where & is expressed in milliwatts/em-deg C and T 
in °C. For all data points except the circles with 
vertical lines through them, the standard deviation 
of a point, estimated from the residuals about the 
fitted line, is 0.013 mw/em-C, corresponding to 
1.3 percent at 500 °C. 

The solid circles shown in the lower left hand 
corner of figure 3 represent results of tests made on 
a sample of diatomaceous earth from the same 
container, at the same density, in the NBS guarded 
hot-plate apparatus (ASTM (C177) 

Figure 4 presents some literature data on dia- 
tomaceous earth of various densities [3, 4]; the curve 
from figure 3 is reproduced for comparison. There 
is substantial agreement between the results of 
this investigation and those from the literature, 
taking density into consideration. 


k—0.414- 1.114 ( 


a5) 


4.2. Powdered Alumina 


Test. results for an aluminum oxide powder 
presented in figure 5. This alumina was produced 
at the National Bureau of Standards by ignition 
of hydrated aluminum chloride in a muffle furnace 
at 1,150 °C. The method of production and some 
of the properties of this type of alumina powder 
have been described [5]. 


are 


2 An uncontaminated diatomaceous earth should melt at the temperature of 
fusion of silica, which is well above any temperatures obtained in these tests. 
A commercial diatomaceous earth, however, may contain sufficient clay to 
produce sintering at temperatures as low as 800 °C. 0 tests were conducted 
to determine the actual temperature at which sintering began for the diatomaceous 
earth discussed in this paper. In general, diatomaceous earth should be used 
with caution at temperatures above 800 °C if sintering would cause difficulties. 
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Figure 4. Comparison of diatomaceous earth thermal conduc- 


tivity results with literature data. 
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Figure 5. Thermal conductivity of an aluminum oxide powder 


as a function of temperature. 


The data indicated by the open squares in figure 5 
were taken in order of increasing mean temperature 
on a specimen having a bulk density * of 0.44 g/cm’. 
The curve drawn through the squares is the quadratic 
equation of least-mean-squares fit. The equation 
for this lie is 


, 7 T \: 
30-4 566 333 ; 
k=1.130-+0. 166 ( ano +0: 3 ( oy, (10) 


where & is expressed in mw/em-C and Tin °C. The 
estimated standard deviation of a point is 0.010 
mw/cem-C, corresponding to 0.7 percent at 500 °C. 


* Later checks of the packing procedure used for this specimen indicate a pos- 
sible uncertainty of 0,02 g/cm? in the reported in-place bulk density, All other 
densities reported are believed to be accurate to within 0.005 g/cm!. 
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The data indicated by the open circles were taken 
in order of increasing mean temperature on a speci- 
men having a bulk density of 0.40 g/em*. The speci- 
men was the same sample as that previously tested, 
but was intentionally packed to a lower bulk density. 
After the tests up to 919 °C, a test, indicated by an 
open triangle, was made at 526 °C. The curve drawn 
through the open circles and the triangle is the 
quadratic equation of least-mean-squares fit to these 
points. This equation is 


- T T \ 
“(0,947 +0.841 ( - 296 (- 
k 0.947 +.0.841 (555 )-+0 6 (5500) (11) 


in the same units as above. The estimated standard 
deviation of a point is 0.011 mw/cm-C, corresponding 
to 0.8 percent at 500 °C, 

The solid circles shown in the lower left-hand corner 
of figure 5 represent results of two tests made in the 
NBS guarded hot-plate apparatus on a sample of 
alumina powder, taken from the same batch as the 
sample installed in the ceramic core apparatus, hav- 
ing a bulk density of 0.41 g/em*. The solid diamond 
shown represents a guarded hot-plate test on the 
sample of alumina which had been tested in the 
ceramic core apparatus at higher temperatures. The 
in-place bulk density for this test was 0.46 g/cm’. 

The higher density specimen (0.44 g/em*) had a 
room temperature thermal conductivity about 20 
percent higher than that of the lower density speci- 
men (0.40 g/em*). However, the curves correspond- 
ing to these different densities converged with in- 
creasing temperature and crossed at about 730 °C. 
This crossing of the curves is believed to arise from 
increased radiation within the larger pores of the 
lower density material. 


5. Discussion of Test Method 


5.1. Determination of Temperature Difference Across 
the Specimen 


Measurement of the temperature difference across 
the specimen, using the core and shell thermocouples 
shown in figure 1, represents a departure from the 
procedure used in radial flow methods for loose-fill 
materials described in the recent literature [6, 7]. 
The possibility of chemical contamination of thermo- 
couples by the specimen material is greatly reduced, 
and the often-difficult problem of determining and 
maintaining the distance between thermocouples lo- 
cated within the specimen material is avoided. How- 
ever, with the method of measurement used here, 
account must be taken of temperature drops in the 
core and shell, and at their interfaces with the speci- 
men if necessary, to obtain the temperature drop 
across the specimen. 

The thermocouple in the axial hole at midlength 
of the central ceramic core is located in a region 
where there are substantially no temperature gra- 
dients, and therefore the thermocouple accurately 
attains the temperature of its environment without 
disturbing the heat flow pattern. ‘The theory of a 
harmonic logarithmic potential function shows that 
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the value of the temperature at the center of a circle 
is equal to the average of its values over the cireum- 
ference of the circle {8,9]. Hence, the temperature 
measured at the axis of the core is equal to the 
average temperature at the fictitious surface, r=r’ 

The difference between the average temperature of 
the fictitious surface at 7 and the average tem- 
perature of the surface of the core at r=a may be 
computed from (5). It is to be noted that eq (5) 1s 
valid regardless of the distribution of heat sources 
on the circle r=r’, as has also been shown by Peavy 
[1] in analyzing the two-body system of the specimen 
and the core with line heat sources. 

Similarly, the temperature difference, 7,—T-,, 
from the inner surface of the shell to the radius of 
the tangential thermocouples may be computed 
from (6 

The uncertainty in determining the temperature 
difference between the axial thermocouple in the 
and the three thermocouples in the shell is 
estimated‘ to be less than 1 percent. The computed 
temperature drops in the core (7;—T7,) and in the 
shell (7,—T.) were less than 2.4 percent and 0.6 
percent, respectively, of the temperature drop 
through the specimen for all of the results presented 
in section 4, using the best available values for the 
thermal conductivities of the mullite core and shell, 
the uncertainties in which may have been as much as 
30 percent. 

The effective radius, 7’, of the virtual heating 
surface in the core is uncertain by not more than the 
radius of the heater holes, thus introducing an addi- 
tional error of not more than 25 percent of 7)—T, 
Similarly, the effective radius, c, to the tangential 
thermocouple wells is uncertain by not more than 
the radius of the wells, thus introducing an additional 
error of not more than 35 percent of 7;- Com- 
bining the errors arising from the uncertainties in k, 
and k, and those from In a/r’ and In ¢/6b, the esti- 
mated uncertainties in 7,—T7, and 7,—T, are 40 
and 50 percent, respectively, thus introducing an 
additional uncertainty in 7,— 7, of 1.3 percent. For 
fine powders of low thermal conductivity, such as 
those tested, errors due to thermal contact resistance 
between the specimen and the surfaces of the core 
and shell are believed to be negligible. Thus, com- 
bining uncertainties, the temperature drop across the 
specimen (the expression in braces in the denominator 
of eq (S)) is considered to be known with an uncer- 
tainty of 1.5 percent. 


core 


5.2. Longitudinal Heat Flow 


Equation (8) was derived on the assumption of no 


longitudinal heat flow. For an apparatus of finite 
length, having imperfect end guarding, the effects of 
axial heat flow should be considered. Jakob [11] 
considered the effect of axial heat flow for the sym- 
metrical case in which both ends of the core are at 
the same temperature but are at a temperature 
different from that at the center. An analysis is 
presented here which allows different temperatures 


esent the author's estimate of 


ned using * tandard propaga 


at the two ends of the core, and also takes into 
account the effect of core temperature distribution 
on the power measurement if the electrical resistiv- 
ity of the heater wire varies linearly with temperature. 

A simplified cross-sectional view of the apparatus 
is shown in figure 6. It is assumed that the surface 
r=b is isothermal at temperature 7, and that tem- 
peratures are measured in the core at three positions 
— ally spaced along the axis. It is assumed that, 
for the purpose of analyzing longitudinal heat flow, 
a transverse cross section of the core can be treated 
as being isothermal. 





TEMPERATURE 


Ficure 6. General core temperature profile used in analyzing 


effects of longitudinal core temperature imbalance. 


Neglecting longitudinal heat flow in the specimen, 
the differential equation for heat flow along the core 
can be written as 


dv Iarky 


aii 


— (12; 
dz? C'ln b a ) 
where 
T—T,, T being the temperature 
point along the core; 
longitudinal coordinate; 


the longitudinal thermal conductance per 
unit leneth of the core, including heater 
wires and holes. 


In general, the rate of heat generation, q’, per unit 
length of heater wire will not be constant if the elec- 
trical resistivity of the heater wire varies appreciably 
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with temperature. For reasonable temperature var- 
iations, the electrical resistance per unit length of 
heater wire can be assumed to be a linear function 
of temperature, 

p po(1 ryv), (13) 


where p and po are the electrical resistances of a unit 
length of heater wire at temperatures 7’ and 7’,, re- 
spectively, and ¥ is the fractional change in electrical 
resistivity per unit change in temperature. The rate 
of heat generation per unit length of heater wire is 

q’ I*p Ppl Yv); (14) 
where / is the electrical current flowing through the 
heater. Equation (14) must be substituted into (12). 

The conditions which are to be satisfied are 


f al 
at 
at 2 j (15) 


Substitution of these conditions into the solution of 
(12) yields 


2 cosh pL—1 


77. =1\e l 


~fVo—V\ sinh pz , 
+( 2 ) sinh pL’ ta 


in which 
l ork 
J amet mI »; . 
PC LIn (ba) ” , 


The thermal conductivity of 
given by 


, - (b/c } £ t 4 
I ml Po In 1 I LwV>+ | } 9 


2rV » 2Vocoshul 


(17) 


the specimen is 


2V o ] 
(VitV2)_]. 


(1S) 


The total power delivered by the core heater is 
determined by the current, /, through the heater 
and the voltage drop, /, across the total length of 
heater wire in the core. The total resistance of the 
heater is given by 

R=E/I YV)S 


po | (19) 


where S is the total length of heater wire and V is 
the average temperature of the core heater, obtained 
by integration of (16) over the entire length, 2.7, 
of the core, 


V wai | a vache 


sinh wll 


. (2% 
pilicosh nLo 


Equation (18) can be rewritten as 


] 
2V,,cosh pwL—(V,-44 
_y(sinh uM—puM) 

2uM (cosh uh 1) 


where 


mET \n (b/a) 
27rV S 


is the apparent value of thermal conductivity ob- 
tained if no corrections are made for the effects of 


axial heat flow. Since & is defined in terms of u and pu 


in terms of k, iterations are necessary in order to 
obtain k. A first approximation to & is given by k’; 
substitution of k’ into (17) yields a value of » which 
can be used in (21). The resultant & can be used to 
obtain a better value of u, ete. The convergence is 
quite rapid in all practical cases; the first approxi- 
mation did not introduce an inaccuracy greater than 
(0.003 percent in & for the case to be discussed below. 
Equation (22) corresponds to (8), the equation that 
was used for purposes of calculation; ///S corre- 
sponds to q’, and V, corresponds to the expression 
in braces in the denominator of (8). The first expres- 
sion in the braces in (21) represents the correction 
for axial heat flow; the second expression represents 
the correction in power measurement to take account 
of the variation of electrical resistance with tem- 
perature. It is of interest to note that, for a positive 
value of y, these corrections are of opposite sign. 
Data were presented in section 4.1 for which the 
temperature difference between the ceramic core and 
the substantially isothermal ceramic shell was 10 to 
25 percent less at positions 15 cm from the midplane 
than at the center. As seen in figuis 3, the results 
for these tests were not appreciably different from 
the conductivities obtained later when the core was 
substantially uniform in temperature along its length. 
In order to investigate more thoroughly the effects 
of axial heat flow in the apparatus, a series of five 
tests was conducted in which the ends of the ceramic 
core were held at temperatures different from that in 
the core at the midplane. These tests were all con- 
ducted at a mean temperature of 525 °C, with the 
alumina powder specimen discussed in section 4.2. 
The ceramic shell was maintained approximately 
isothermal over a central region of at least 30 em 
length. The core temperature at positions 15 cm 
above and below the midplane was varied by adjust- 
ment of the small heaters at each end of the ceramic 
core. The results of these tests are shown in figure 
7, where the percent departure of the thermal con- 
ductivities from their mean value is plotted against 
the quantity (V,+ V,)/2V>. The solid circles repre- 
sent experimental data; the solid curve is the straight 
line of least-mean-squares fit to the data. A straight 
line was used because, for the various values of pa- 
rameters involved, the departure can be shown to be 
a nearly linear function of (V,+ V.)/2V» for values 
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not too different from 1.0. The slope of the straight 
line in figure 7 was used to compute the value for 
of 0.29 em! where y was taken as 8.0 107* deg 
C-!, Vy, as 44 deg C, L as 15 em, and M as 23 em. 
Substitution of this value of » into (17) yields for 
the longitudinal conductance of the core, C, a value 
of 0.06 w-em/C. This value agrees with the esti- 
mated longitudinal conductance of the ceramic core 
and heater wires. 


0 


© 


DEPARTURE, 


(V,+ V2) /2V5 


FIGURE 7 Effect of longitudinal core te mperature imbalance, 
\ V> 2V , on therma 


alumina powde 7 


conductivity values obtained for 


With the exception of those tests in which core end 
heaters were not used, all data presented in section 
4 gave values of (V,7+ V,.)/2V, between 0.85 and 1.15. 
From figure 7, it is seen that this corresponds to an 
uncertainty of less than 0.4 percent in the thermal 
conductivity values obtained using (8). Values of 
(V,+ V2)/2V. could be held between 0.95 and 1.05 
without undue difficulty, if desired, thus further 
reducing this uncertainty. 


5.3. Eccentricity 


It has been assumed that the outer surface of the 
ceramic core and the inner surface of the ceramic shell 
were concentric cylinders. Since concentricity may 
not always be possible, the effect of eccentricities 
should be considered. The thermal resistance be- 
tween two eccentric parallel circular cylinders is 
given by Carslaw and Jaeger [12] and is, in the 
notation of this paper, 


T.—T, 


q 2ak 


+b? 


( 
arccosh 
2ab 


(23) 


where e is the eccentricity, or the distance between 
the centers of the two cylinders. 
From (23), the thermal conductivity is given by 


I q 7 +-\*— €*()- 1)" 


9 
2x(T,.—T,) 2X ta 


where, following El-Saden [13], the dimensionless 
eccentricity «=e/(b—a) varies between zero (con- 
centricity) and one (cylinders in contact), and 
\=b/a is the ratio of the radii.*® 

For the case of eccentric cylinders, if (3) is used 
instead of (24) to compute the thermal conductivity 
of the specimen, an error will be introduced. Since 
it is of general interest, the percent error due to 
neglecting the effect of eccentricity is shown in 
figure 8 plotted against dimensionless eccentricity, «, 
for several radius ratios, \=6/a. 
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FiGgurRE 8&8. Calculated thermal conductivity due to 
neglecting the effect of eccentricity for radial heat flow between 


isothermal cylinders. 
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For the apparatus described in this paper, the 
ratio \ was approximately 5.0. The dimensionless 
eccentricity as defined above was less than 0.05, so 
that the uncertainty due to eccentricity was less 
than 0.1 percent. 


5.5. Precision and Accuracy of Results 


The precision of measurement is indicated by the 
standard deviations (estimated) of the data, which 
are of the order of 1 percent. 

The accuracy of the reported measurements is 


more difficult to estimate. 
ated in the core heater was known to within 0.1 
percent. The length of wire between the potential 
taps at room temperature was known to within 0.2 
percent. Thermal expansion could have increased 
this length by 1 percent at 1,000 °C if friction 
between the heater wire and the ceramic core at 
points of contact did not prevent free longitudinal 
expansion of the wire in the holes. Because the 


The total power gener- 


5 Equation (24) can also be derived from the last equation presented by E1- 
Saden. To convert El-Saden’s eq (38) to the form presented above, it is helpful 
to make use of the identity arccosh r—arccosh y=arccosh (ry— y (x?—1) (y2—1)). 

6 Making use of the identity arecosh r=In (r+ y7?—1), eq (24) reduces to the 
equivalent of (3) for the case of concentric cylinders («=0). 
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effect of expansion was uncertain, no expansion 
corrections were made. The heat flowing radially 
through the specimen is further in question by not 
more than 0.4 percent in an extreme case, due to the 
uncorrected effects of longitudinal temperature vari- 
ations along the core (see sec. 5.2). 

In section 5.1, it was estimated that temperature 
drops across the specimen were determined with an 
uncertainty of 1.5 percent. Uncertainties in the 
ratio of the shell radius to that of the core did not 
introduce more than 0.2 percent uncertainty in the 
results. The error due to possible eccentricity of 
the ceramic core in the ceramic shell did not exceed 
0.1 percent. Combining all of the uncertainties 
discussed, ‘uncertainties in the thermal conductivity 
results presented in section 4 are estimated to be 
less than 2 percent at 100 °C, and, because of heater 
wire expansion, 3 percent at 1,000 °C, 


5.5. Comments 


It is felt that the type of central heater used in 
this apparatus has advantages which may recom- 
mend it to others interested in radial heat flow 
measurements. The particular advantages of this 
arrangement are, (1) the measuring thermocouple in 
the core attains the temperature to be measured and 
does not interfere with the pattern of heat flow, (2) 
the measuring thermocouple is well protected both 
mechanically and chemically but still can be easily 
removed for calibration or renewal, and (3) tem 
peratures can be measured at any desired longitudinal 
position using the same thermocouple. 

By means of suitable modifications, the equip- 
ment described could be extended to cryogenic 
temperatures, or to more elevated temperatures. 
If required, the accuracy of measurement could be 
improved over that attained in the apparatus de- 
scribed by taking careful account of all the factors 
discussed in sections 5.1 and 5.2. Applications for 
which a heated core of this type might be advan- 
tageous include determination of forced or natural 
convection from cylinders and determination of the 
thermal conductivity of pipe insulations or fluids. 
In the latter case, convective effects would need 
to be excluded by extrapolating results obtained with 
small temperature differences to zero temperature 
difference. 


The experimental measurements were performed 
by C. I. Siu and J. E. Griffith. The author thanks 
T. W. Watson for conducting the various tests on 
the NBS guarded hot plate apparatus. The very 
helpful suggestions and comments by B. A. Peavy 


and H. E. Robinson are gratefully acknowledged. 
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Calibration of microwave noise sources requires a standard source, an attenuator, and 
an instrument for comparing microwave power levels. A modified Dicke radiometer is 
used for this comparison. A detailed analysis of the radiometer is undertaken employing 
the cascading matrix of each waveguide element, in order to evaluate the balance error. 
The analysis accounts for the general case of noise power arising from lossy elements of the 
radiometer and shows how these can often be accounted for by discussing temperatures in 
excess of some reference temperature 7). It also displays several potential sources of error 
in such radiometers and provides the quantitative basis for keeping these sufficiently small. 
Fluctuations are analyzed as a basis for estimating sensitivity of measurement. Procedures 
for adjusting the radiometer to account for the characteristics of the two input paths are 
given. The results are carried through second order in the various reflection coefficients or 
related scattering matrix elements involved, which are assumed to be small quantities 


1. Introduction 


The National Bureau of Standards is concerned with the development and maintenance of 
national standards of microwave noise power and with calibration of working or interlaboratory 
standards. This work requires a standard source, a source to be calibrated, an attenuator, and 
a radiometer for detecting the equality of microwave noise power levels [Dicke, 1946; Selove, 
1954; Mayer, McCullough, and Sloanaker, 1958; Estin, Trembath, Wells, and Daywitt, 1960; 
Wells, Daywitt, and Miller, 1962]. One source is attenuated a known amount until its power 
level is equal to the power level of the second source. In order to evaluate the calibration, all 
errors introduced by the radiometer must be known to second order in the small error quantities. 
No such analysis is found in the literature. 

The radiometer is first described. An analysis of the waveguide portion is undertaken 
using the cascading and scattering matrices of network components. Noise arising in the net- 
works is explicitly included. The mixer-IF is analyzed, and spectra at various points in the 
receiver are described. The effects of statistical fluctuations are estimated. The analysis 
yields a balance equation which is specialized to three convenient methods of operation. A 
typical error analysis is performed with particular scattering matrices. Finally, all errors are 
evaluated numerically and summarized. 


2. Description of Radiometer 


One source of microwave noise power is an argon gas discharge tube located within a 
rectangular waveguide [Mumford, 1949; Johnson and Deremer, 1951; Knol, 1951; Bridges, 
1954; Knol, 1957]. The noise power produced by a gas discharge may be calculated if thermo- 
dynamic equilibrium is assumed; however, such an assumption is not justified. Such calculated 
results could be in error by about 0.5db. The noise power from such a device is stable, however, 
to better than 0.001 db when the discharge current is regulated. The argon noise source 
employed for WR 90 waveguide (8.20 Ge/s to 12.4 Ge/s) consists of a tube about 1 em in diameter 
and 30 cm long mounted at a small angle to the axis of a rectangular waveguide, intersecting the 
broad wall of the waveguide. 

The most suitable standard of microwave noise power is a blackbody radiator [Sutcliffe, 
1956], the power of which is given by the low frequency approximation to the Planck radiation 
law. One configuration may consist of a uniform piece of sintered silicon carbide mounted in a 
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waveguide section, as shown in figure 1, and heated to a uniform temperature of about 1,000 °K. 
Water cooling is used on one end of a short stainless steel thermal insulating section, so the 
temperature drop is taken across a short distance (1 em). 

PLUG ——5 
a WAVEGUIDE > 


>) — LOSSY TERMINATION 





FiGuRE 1. A typical standard may consist of a lossy 
termination in low-loss waveguide. 











The standard is heated in an oven 








\N— FLANGE 

The radiometer is patterned after that of Dicke, with ferrite modulators in place of his 
rotating vane attenuators (figs. 2a and 2b). In critical applications, motor-driven rotary vane 
attenuators may serve as modulators, as ferrite modulators may have drifting characteristics 
and are sensitive to stray magnetic fields. Each input is alternately connected to the hybrid 
junction, after which the signal from either source travels the same path. The modulated 
noise signals are heterodyned to an intermediate frequency by a local oscillator and amplified. 
The signal is further detected, filtered by a narrow-band filter centered at the modulation fre- 
quency, amplified, and ultimately displayed on a recording galvanometer. 
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We shall derive an adjustment procedure that compensates many of the inequalities in the 
two branches of the radiometer. The analysis is done in detail so as to clearly display all the 
assumptions and approximations that are used. Other waveguide configurations are easily 











analyzed by the matrix methods presented here. 

A calibrated attenuator is used to attenuate the source with higher power until the unknown 
source and the known source balance each other. The final calibration is in terms of decibels 
above kT,Av [IRE, 1960], where k is Boltzmann’s constant, 7) is an accepted reference temper- 
ature, and Ay is the limiting RF bandwidth of the system. The maximum resolution of source 
temperature is limited by system noise and the bandwidths of the system, which determine 
output fluctuations. 


3. Radiometer Analysis—Waveguide Portion 


The radiometer waveguide network shown in figure 2a is a member of a general class of 
waveguide networks which consists of the connection to a common junction of arbitrary groups 
of series-connected two-port components. Each group may be represented by its equivalent 
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cascading matrix, which is the product of the cascading matrices characterizing each two-port 


component. Such a network is shown in figure 3a. 


We shall be interested in the voltage at 


reference plane A~A. We shall therefore represent each cascading matrix and source by an 


equivalent source of reflection coefficient ['j, and equivalent temperature 7" 


i, a8 shown in figure 


3b. For consideration of the voltage at reference plane A—A, the network to the left of the 


reference plane may be replaced by an equivalent source of impedance z 


2g, reflection coefficient 


I, and contaming an equivalent generator of voltage eg, as shown in figure 3c. 
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FiGuRE 3a. General n-port network with losses 
equivalent to figure 2a 


Each of x arms contains a total equivalent cascading matrix P; at a 
temperature 7'. The junction is at a temperature 7'7. We shall 
be concerned with the voltage at reference plane A-—A, 


shown in 
arm" 


‘IGURE 3b. This general n-port network is the one 
in which the sources and cascading matrices shown 
in figure 3a have been replaced by equivalent termi- 
nations at temperatures T;’, source voltages e;', and 
with reflection coefficients Y;’. 


The reference plane A~A is shown, 


Figure 3c. Jn this figure, the entire network of 
figure 3b to the left of reference plane A—A has been 
replaced by an equivalent generator of voltage eg, 
with an equivalent source reflection coefficient Tg 
which is related to the equivalent generator impedance 
ZG. 


The waves a‘ and } are discussed in the text. The direction of these 


waves is intentionally chosen as shown in order to correspond to 
the incident and emergent waves at the reference planes A-A in 
figures 3a and 3b. 


In figure 2b the mixer-IF output voltage is postulated to be a linearly related to the voltage 
at its input terminals. The rest of the receiver may operate further on this voltage to give an 


output indication related to this voltage, such as the modulation amplitude or its mean square, 
apart from superimposed statistical fluctuations, of course. 

We must calculate the total terminal voltage at reference plane A—A as shown in figure 3. 
We shall solve for this voltage in figure 3c, then generalize to figure 3b, and finally generalize 
to figure 3a. This solution may then be used with appropriate simplifications to analyze the 
particular configuration of figure 2a. 

At any kth reference plane of the network, the real, time dependent fields, if restricted to 
a finite time interval often conveniently normalized to unity, may be represented by a Fourier 
integral. Provided the interval is sufficiently long, the Fourier amplitudes become known in mag- 
nitude in the sense that they have a spectral density (on the axis of frequency v) relatable to kT. 
Each Fourier component of the fields of a given mode may, from well-known waveguide theory, 
be discussed by means of amplitude coefficients x, %,, a,, and 5. These coefficients are closely 
related to voltages, currents, and incident and emergent voltage waves, respectively. These 
quantities, applicable to a single assumed propagating mode, are related through the charac- 
teristic impedance 2) (here assumed the same for each arm) by the equations 


v=a-+b, 
Zi=a—b, 


where the subscript & has been dropped. 





We may therefore discuss transmission through the network using complex amplitudes of 
harmonically time dependent voltage density waves at frequency v and synthesize to the actual 
case of nonsinusoidal time dependence of noise by the usual integration over the appropriate 
frequency range. The network transmission properties will be characterized by matrices whose 
elements are complex functions of ». The mean square voltages over the time interval or the 
powers may be obtained by Parseval’s theorem, that is, an integration of the square of the 
absolute value of the (normalized) Fourier amplitude over a frequency range which spans the 
limiting bandwidth of the system. This relation makes it convenient to deal with rms rather 
than peak values of a, 6, and v in what follows. 


> 


The waves a‘ and 6‘ in figure 3c may be decomposed into two parts, given by 
(3.3) 
(3.4) 


The quantity a° or b° is the wave that would be launched down a reflectionless line by the partic- 


0 


ular generator, L or G, respectively. For a°, a reflectionless line would mean I'g=(2g— 2 )/ 


“¢+ 2) =0, or 2¢=2, and similarly for 6°. Then 


a°=€,20/ (2+ 2,2) =4(1—T pez, 
b° = e,2)/(2 9+ 26 $(1 —To)éc. 
It may easily be shown, using (3.1), (3.2), and (3.4) that 
a'+6'=(14+T,)a*/(1—T,Te) + (14+ T,)6°/(1—T,T¢). (3.7) 


T, and YT, are independent of frequency for sufficiently small Av. TI, is fixed for a particular 
receiver input impedance, and TI, will not vary during the process of making a measurement by 
adjusting the calibrated attenuator if the radiometer is properly designed. These observations 
permit us to absorb the coefficients of @° and 6° in (3.7) into the constants of the receiver re- 
sponse and to focus attention on a° and 6° only. To the extent that the equivalent reflection 
coefficient Tg of the source is not constant as the radiometer is operated, an error is incurred, 
If the variation of Tg is known, a correction could be applied. If @° is constant also, the receiver 
output is, apart from a constant, proportional to 6°. 

This situation is generalized to the general n-port network of figure 3b. The equivalent 
source é¢¢ results from that portion of the network to the left of the reference plane A-A in 
figure 3b. Let there exist at each port of the network an incident wave a‘ and an emergent 
wave b'. We index the ports by i=1, 2, . . ., n. 

Consider the total incident wave aj at port 7. By the superposition theorem it consists 
of the sum of contributions from each source of the network operating alone. We index the 
sources by \=0, 1, 2, . . ., n, where the index zero designates sources in the junction, and the 
other indices designate the sources terminating the respective arms. For \ #7, the contribu- 
tion a, is that partial wave incident on the 7th reference plane which has been established by 
the source \#7. This partial wave, incidentally, is a reflection from Tj. For \=?, it is con- 
venient to further decompose the partial wave established by the source \=7 into parts a? and 
a,, where a} is the wave that would be launched by the source 7 down a reflectionless line, and 
a,; is the remainder of the actual partial wave established by the source \=7. Only the portion 
a,;; is a reflection from T;. These considerations may be expressed as 


aj=al+ So +aa=al +a; (3.8) 
L=() 


The total emergent wave b{ at port 7 likewise consists of the superposition of contributions 
from all sources in the network. For \#0, the contribution 6, is that wave emergent from 
the «th reference plane which has been established by the source \¥0. This partial wave, 
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incidentally, is a scattering of all the incident waves. For \=0 it is convenient to decompose 
the contribution from the sources within the junction into parts 6§ and bj, where 69 is the wave 
which would be launched by the junction source (A=0) down arm 7 if [j=0 for all i, and by 
is the remainder of the actual partial wave established in arm i by the source 6. Only the 
portion bi is a scattering of incident waves. Thus the expression 


bf=68-+ + > bn=bi+5, 


A=0 


represents the total emergent wave at port 7. 
The analysis preserves the familiar reflection law for the partial waves in the form 


Ga=Tiba, \~0, 
ry r(b8-+ bio), 
Summing over all \ we have, using (3.8) and (3.9), 
a,=T{(68+-6,). (3.10) 


The analysis also preserves the familiar scattering law for the partial waves, for scattering 
A = 5 
matrix elements s;, in the form 


bin ye S.Aat+8,(ai+ay), A1+0 
kr 


n 

ay - 
+ Sadar; yy ’ 
k=1 


bie >\ SuGas, rA=0. 


— 
Again summing over all \ we have 
b, = S Six (a‘. ty). 
k=1 


In matrix notation (3.8), (3.9), (3.10), and (3.11) become 


b=WSa', (3 


». 
where I’ is the diagonal matrix with elements Tj, 7=1, 2, . . . n; S is the nXn scattering 
matrix; and the a’s and 6’s are column matrices. These are the basic equations of the circuit 
and constitute the generalization of (3.3) and (3.4). 

These four equations are easily solved for the matrix 6,, eliminating the unknown matrix a. 
We obtain, using the unit matrix 1, 

b§'=(1—ST’)—'(Sa°+)°). 3.16) 

From the matrix form of (3.1) applied to a‘ and 6‘, the voltage at any port is given by 
v=a+ (1+T’)b‘=a°+ (1+ 1’) (1—ST’)—!(Sa°+6°). (3.17) 
This is the general solution for an n-port network. The voltage density at any port 
contains contributions from the terminations of all ports and from the losses within the junction 
itself. This shows the possibility of “leakage’’ from terminations other than the desired 


one if these terminations are not sufficiently isolated. 
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Now we may further generalize the situation to that of figure 3a, where scattering matrices 
have been introduced into each arm which will be used to perform the modulation and the 
balancing. We have defined the scattering matrix by (3.15). For a two-port network we 
may define a cascading matrix P such that 


(=(3 


P21 


It is related to the scattering matrix by 


Da Pos ey ener ee 
This matrix has the property that the cascading matrix for a number of two-ports in series is 
the product of their respective cascading matrices, allowing us to deal with any combination 
of microwave components in each arm, even including lossy sections of line. The total cas- 
cading matrix may then be changed back into the total scattering matrix by the relation 


a i) ie ay P22 — ie (3.20) 


We wish to know the equivalent source reflection coefficient I’ and the equivalent source 
voltage density e’ of a two-port driven by a source of reflection coefficient [ and of voltage 
density e. (The index of the two-port has been temporarily suppressed.) It can easily be 
shown that 


I’ = 829+ 8128 0'/(1—syP). 3.21) 
One can also show that, neglecting sources within the two-port matrix, 
S(1—T)e/(l1—s,,0)1—TY’). 
The matrix @° has elements of the form of (3.5). Thus 


al=3 (1—Te;=3 8), (1—T e,/(1—s},P,). (3.23) 
The elements si, are explicitly displayed since the comparison of power levels described later 
will depend on these elements. The matrix 6° will depend on the properties of the junction 
and any source in the junction. So long as these properties are time-independent, the matrix 5° 
need not be explicitly evaluated for our purposes. 


Having developed this very general formalism, we now apply it to the three-port junction 
shown in figure 4. In this case (3.16) becomes 


bs Ta} + T3202 +- T3303 +- N69 4 N2b3 +N 9968 (3.24) 


Figure 4. General three-port network consisting of 
three equivalent scattering matrices S', S*, and 8°, 
of temperatures T'!, T?, and T*® connected to a com- 
mon junction characterized by a scattering matrix S 


(without superscript) and of temperature T;. 


We wish to calculate the voltage at reference plane A-A. 





where the coefficients are given by 
Nasu T N 2821 T N38 
N1812+ N32822 + N33832 
Na8i3 T N 32823 T N3832 
[8218321 13+ 8311} (1 — 82212) |/det (1—ST’) 
[8128 113+ 82T'2(1 —8, 1) ]/det (1—ST’) 
8198 113+ (1 —81,0}) (1 — 8003) |/det (1 —ST’) 
det (1 —ST’) = (1 —8,Py) (1 — 82012) (1 — 8313) — 81282981 P1203 — 8198218321 P23 
4 81389 0 T3(0 al 8o91"5) : Soy8g213T3(1 81) 7 8281, T3(1 8331"3). 


We have previously noted that Tj is constant. If also, through careful design and use of 
isolators, Ty and T; are independent of changes in the quantities of (3.21) caused by modu- 
lation or substitution of different terminations T, all 7 and N coefficients in (3.25) through 
(3.31) are constant; and, if the 6° are constant, then 


bi= T;,a°+ Ty.a3+ T3,a$+-constant. 


If further a§ is constant, as it would be if the elements of S® are constant and contain no vary- 
ing sources, then 


b§= T3,a8+ Ta+ constant. (3.32) 
For the radiometer problem, all sources in the network consist of thermal noise, so that 


we shall always be interested in the absolute squares of the waves, which are relatable to tem- 
peratures. Furthermore, waves arising from different thermal sources, such as a? and a$ in 


(3.32) will be uncorrelated so that the absolute square averaged over any finite band will con- 
tain no contribution from cross products. With the understanding that this averaging will 
always eventually be done, such cross products will not be carried hereafter. 

The spectral density of voltage for grey-body noise is [Allis and Herlin, 1952] 


2kT Re (2) =2kT=(1 


for real z.’ We use the factor 2k7 instead of the more commonly seen factor 4kT because 
we extend the density over the axis of negative as well as positive frequency. Thus in figure 
3c the absolute square launched waves are 


rz|7)kT 125, 
Poel) kT oz. 
Then in figure 3b the absolute square elements of the matrix a° have the form 


4(1—'T4|*)kT 725. 


1 If the characteristic impedance is complex, then zo in (3.33) and following work must be replaced by 
zo~>(Re z0)[14+-2 Im zo Im I/Re 20(1—|T'|?)] 


as may be verified by direct calculation of Re z in terms of f. The correction factor is very close to unity. If the correction is carried forward to 
‘ ¥ pe 

(3.38) and (3.39), and thence to (6.1), it will almost completely cancel, except to the extent that differences in zo and I’; for arms 1 and 2 alter the 

Slight departure from unity of the above expression. This correction is in practice smaller than the corrections retained and is therefore dropped 


« his r 
at this point 
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If the two-ports of figure 3a are either lossless or at 0 °K, they will make no thermal 
contribution to e; or 7! of figure 3b. The temperature 7; equivalent to e; is obtained in 
terms of 7’, and the properties of the two-port from (3.22) and (3.33). The absolute square 
incident waves at the reference planes of the junction are then 


However, when the scattering matrices are each at some temperature 7", (3.22) must contain 


an additional term proportional to 7'. Equation (3.22) so modified and (3.33) give 


srg OKT 29 Ht FART 2p =2kT 129 
ri" 1—T,|? 

where 7’, is the temperature of the ith source of reflection coefficient [,, 7‘ is the tempera- 
ture of the ith seattering matrix, A, is a coefficient to be determined, and 7; is the temperature 
of the ith equivalent source of reflection coefficient Tj, as in figure 3b. We can evaluate the 
coefficient A, by noting that, when 7,=7'=7), we must also have by the Second Law of 
Thermodynamics T T». Dividing by 2kTy2) and rearranging, we obtain 


Substituting this value into (3.35) we may write 


rs ef, |2(1—|T,)2) Tan 
“1 ak +Li si0;-U am |? 


or, equivalently, 


which reduces to the former value of 7; for 7‘'=0. 


Hence in figure 3a the absolute square incident waves are in general 
ai |?=4 kT *z(1—|Ti]?) +3 k(T.—T*) zg 1—|T |) 8a |?/1— sil al, (3.37 
which are to be substituted into the absolute square of (3.32). The terms }/73,\°(1—|T')|)kT''2o 
and 3) 73.7(1 P3|*)kT? 2) are constant if Tj, 7, 7', and T? are constant. 
For convenience we will absorb certain constants of proportionality into new definitions 
characteristic of the equivalent sources on arms 1 and 2 of figure 4: 
and 


Also. let 


and 


which are constant to the degree s!, and s?, are constant. We shall also wish to compare the 
temperatures of the two sources mainly in terms of the p,; elements of the cascading matrix 
defined in (3.19). Hence we define 


and 





We can now write the absolute square of (3.32) as 


ga|- (3.40) 
Put” } qii\” 


apart from an additive constant. 
The important result is that, as modulation of p,, and q;, is introduced, the time dependent 
part of |65|* depends on the excess temperatures (7,— 7") and (7,— 7”). 


4. Radiometer Analysis—Receiver Portion 


We now describe the transmission of bf=6,+-68, emergent from the tee, through the 
mixer-IF network. Physically, we must account for the following: possible image suppres- 
sion, frequency conversion of both signal and image, filtering effect of IF bandwidth, and 
addition of noise power by the mixer and IF. From the mathematical description of the 
superheterodyne process, the mixer should be considered a three-terminal-pair device, in 
which inputs at signal and image frequencies must be considered, as well as the output at 
the intermediate frequency. 

We formulate the system of equations describing the mixer and IF as follows. Let e 
be the incident and f the emergent waves, functions of frequency; let the matrix U character- 
ize the scattering properties; and let the arguments v+-» be indicated by the subscripts +, 
that is, ¢ e(v-+- vo) =e,(v), @2=e2(v), ete. The mixer-IF network shown in figure 5 may be 
described by 


Urs F 0 
Uo t 0 
N43 i(v)n(v) 


LOCAL OSCILLATOR 
FREQUENCY 


Fiagure 5 ) IF network, described by the 
o) =e {U> matrix U. 
+V,)= 


+V 


Matrix elements w,; and Us: are similarly functions of frequency, and may be written as the 
product of an IF amplitude response i(v) and an RF response ri.=r(v--%)=ri(v). Thus 
Uy —=Ury)r,, and Ug=i(v)r_. Amplitude responses are indicated by lower-case letters, and 
power response by capital letters, related thus: z(v)r*(v)=X(v), where * denotes complex con- 
jugate. Thermal noise has been treated by considering 6{ and aj; all other noise is accounted 
for by the quantity n. For conventional mixers, w)2= U)3= U2 = U2,;—0. 

In the absence of any sources beyond the IF terminals we further define T by e=—Th. 
Thus the wave emerging from the mixer-IF is 


i( v)[rs bh. 1-7 bf 
We obtain using the rms amplitudes in (3.40) 


‘(y) es ay SOO, ae 
Puss 


- 
+n )+constant. (4.2) 
dit 
Using Parseval’s theorem, let us average the power incident on the mixer-IF output ter- 
mination over times long compared with the IF period but short compared with the modulation 
period by writing 


P=z5' fa fdv. (4.3) 
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We note that we are concerned only with sums of absolute squares, as a,, a_, ¢,, and ¢_ 
are all uncorrelated. 

We note also that corresponding terms taken in + and by pairs are symmetric about 
yv=0, as are J(v), |1—Tugs|?, and |\n|?, so that the integrand as a whole is symmetric in », as it 
must be, and may be replaced by twice the integral from 0 to @. 

We also suppose that /(v) is relatively so narrow in the neighborhood of »,, that all other 
quantities in the integrand may be replaced by their mean values over the band about y;,. 

We also choose to assume local symmetry about vy) in the absolute squares of a, ¢, 

Ty, Py, ANd gy, considered individually as functions of the arguments y+. Specifically, 

assume at y= 
A(viztv)? a\ ‘ + yp) |?, 
Then by virtue of the symmetry of |a? about the origin of its argument, imposed by the reality 
condition, namely, 
a\y-+ Yo) \* a\ 
we have 


and similarly for the other named quantities.’ 
We do not assume such local symmetry in the RF response /?, in order to account for any 
RF frequency dependences, such as introduced by possible image suppression filters perhaps 
placed in arm 3 of the junction. Nevertheless, the sum ?,+/?_ is symmetric about »=0. 
Applying these considerations to (4.3), but temporarily leaving 2? + ?_ under the integral, 
we obtain 
Pp ( Ts:|’ | 12, | Ts0\? 


Pus 


Pi qis a )| : (>) dot l 


[(v)dv+constant, 


where the quantities outside the integral are evaluated at »=v,, and where 
U'(v) [Riv Vo) Riv vo) T(r). 
We now introduce the equivalent IF bandwidth referred to the response at »,,, 


1 fe 
argc” Wena 


Finally, extracting R,+R_, we have 
21(R++R_)Av (\T3,|*\a\? , | T32|?\e}? 27 Av 
i - ; . ( —---— )+ - - : “-+-constant, 
29 1— T'ulg3 qui\ 2o|1—T' tga 
where the quantities are evaluated at Vir. 

This is the power emergent from the IF amplifier in terms of the waves a and ¢ leaving the 
two noise sources which are to be compared, and contains the effects of the waveguide attenu- 
ators and modulators and all noise. 

The following illustrates the power spectrum at various points in the receiver to provide 
a better qualitative understanding of receiver operation. The receiver may observe an RF 
spectral region U’’(v), qualitatively like the rectangular pair example in figure 6. This result 
is available by simple and obvious changes of variables in the function U(y) in (4.5). 


? Ifsuch symmetry does not exist in the spectral characteristics of a and c, then they must be treated as R immediately below. Lack of sym- 
metry would cause errors in the radiometry unless circumvented by image suppression. 
In the right-hand member of (4.5), first make the change of variable »’=»+», in the term R(v+»,) I(v , toobtain R(v’)I(v’'—»_). Then make the 


change » v—vy in the term R(»—»,))I(v) to obtain R(v'’)I(v’’—»,)._ Dropping the primes and adding, we obtain the new function of », 


U's Rv) [I(v+»,.) +1 
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The power represented by (4.7) is slowly modulated at an audiofrequency v,, through the 
time dependence of py, and gy. The IF amplifier is usually followed by an envelope detector. 
Near the origin the spectral distribution of the output of an unfiltered second detector of the 
quadratic, quadratic envelope, or linear envelope type is qualitatively similar to the example 
(J(v) in figure 7. Quantitative results for the quadratic envelope and linear envelope detectors 
are given in Lawson and Uhlenbeck [1950]. 

An audiofrequency filter at v,, of width Avg selects the fundamental modulated component 
of the second detector output voltage, designated by subscript m, and rejects the d-c and 
second harmonic components. The spectral density W(v) after the audiofrequency filter is 
qualitatively similar to the example shown in figure 8, where the frequency scale has been 
appropriately expanded. 

To obtain a d-c output to drive a chart recorder, the modulation filter output may be fur- 
ther rectified by a third detector. Analysis may be carried through quantitatively for the case of 
no modulation signal, depending on the particular type of detector. For either a quadratic en- 
velope or linear envelope detector, the spectral distribution W’(v) is qualitatively similar to 
figure 9, with details available in Lawson and Uhlenbeck [1950] as to the dependence of the 
spike area and triangle height on W(,,) and By. If a signal at y,, is present due to the modu- 
lation, the spike area will greatly increase; and there will also be a continuous rectangular 
spectrum arising from beats of signal and noise, also described in Lawson and Uhlenbeck 
{1950}. To further reduce output fluctuations, the extent of the spectrum may be cut off at an 
arbitrarily small frequency (for example less than B,) by controlling the bandwidth of the low 
pass filter. 

The recorder is driven by this spectrum, the area under the zero frequency component 
providing the mean deflection and the nonzero components contributing to the residual fluctua- 
tions. The receiver thus finally indicates that Fourier amplitude at or near y,, (or its square 
if there are two square-law devices) of the time-varying power given by (4.7). Specifically, 
the receiver is very insensitive to the constant terms in that equation. 
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Ficure 6. Spectral region observed by receiver of rec- 
tangular pair response (no image suppression). FIGURE &. 
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Spectral density after the modulation 
frequency filter, Gv), of rectangular response. 
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Ficure 7. Spectral density near the origin of output a= ey heen Be otace lll sop pada 
. n ‘ : J . OF NOISE WITH SIGNAL 
of square law second detector, fed by rectangular SD ae 3 


SS So ek, eee ry 
pair. “8, “6,72 6 8, hi 

If the input noise power is modulated corresponding to a tempera- . : : ‘ . 
ture change AT, signal peaks, qualitatively shown by the dotted FIGURE 9. Qualitative spectral density after a third 
lines, appear at the first and second harmonic, corresponding to detector fed by W(v) of figure 8. 
1 signal amplitude proportional to AT. A large d-c component ; , SLisy 
exists [Lawson and Uhlenbeck, 1950]. The d-c component and The analysis is that of a CW signal in a band of noise Avg [Lawson 
the second harmonic peaks are discriminated against by a modula- and Uhlenbeck, 1950]. A large d-c component exists. Results 
tion frequency filter. This avoids practical problems of the usual are qualitatively similar for either a square-law detector or a linear 
d-e detection such as d-c gain instabilities and could facilitate the detector. The dependence of the spike area and the continuous 
obtaining of narrow post-detection bandwidths by synchronous spectra on signal and noise may be found in the reference, for both 
detection at »,, for example, cases, 





5. Radiometer Output Fluctuations 


Output fluctuations should be analyzed to estimate to what extent, if anv, they may limit 
the attainable accuracy. The general problem is that of modulated noise passing through 
successive stages of detection, any stage of which may consist of quadratic, linear envelope, 
or some other kind of detector. To get solutions for the purpose of either design evaluation 
or performance evaluation, the problem must be specialized to a particular configuration. 
Examination of many possible designs is beyond the intent of this paper; but for completeness 
a particularly simple example will be given, which is satisfactory for our purpose, and which 
is a slight extension of the usual analyses in that it discusses the modulation filter and the 
third detection. More refined analyses may be made using the appropriate references |Rice, 
1945; Lawson and Uhlenbeck, 1950; Colvin, 1959]. 


At the balance condition, even though (a{)? and |a$? are modulated, |65)? appears unmodu- 
lated. We shall calculate the fluctuations in the absence of modulation of |), and then 
compare them with a signal due only to the modulation of 65°, assuming that the fluctuations 
do not significantly change when modulation is introduced. We shall assume that the input 
to the second detector is a noise amplitude, f(t), having Gaussian probability density, char- 
acterized by some noise figure N which contains both the equivalent source temperature T, 
which produces 6§, and noise arising within the mixer—IF. We shall assume, in figure 2b, a 
quadratic second detector, followed by a modulation filter and by a linear third detector. 
The input to the square-law second detector consists solely of a noise voltage f(t) of spectral 
density F(v) given by the integrand of (4.3). The autocorrelation function of this voltage, 


; l 
¥-= lim T t)f{(t+-r)dt, 
tT 


is related to the spectral density by 


Y; 2| F(v) cos 2rvrdv: 


and the mean square value of the voltage is 


Wo 2| F(v)dpv. 
Rice [1945, his eq (4.10-1)} has shown that for a quadratic device [output q(t) 
af*(t)| the autocorrelation function of the output is given in terms of the autocorrelation 
function of the input by 


WV (7) =a? (Y+ 22). 5.3) 


The power spectrum is, since ¥(r)=V 


Uv) =: W(r) cos 2avrdr. 


Conversely, since Q(: J(—v), we hav 
V(r) =: (J(v) COs 2rvrdy. 


We note in passing that practical square-law detectors responding to band-limited 
noise about some intermediate frequency do not often have this law, as they do not respond 
to the second harmonic component implicit in the law. Rather, they may be more properly 
called quadratic envelope detectors, having output proportional to the square of the envelope 
of f(t), that is, to the power averaged over many IF cycles. Nevertheless, it may be verified 
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that for band-limited noise such as from an IF amplifier, the output spectra of the quadratic 
detector and the quadratic envelope detector are identical except for contributions in the neigh- 
borhood of the second harmonic, which are filtered anyway. We may thus consider the 
analysis of the quadratic detector quite applicable. 

Let G(v)| denote the power response of the modulation filter. Then the spectral density 
W'(v) shown in figure 8 at the output of the modulation filter is 


W(v) G(v)Q(r). (5.6) 


Let us proceed to assemble W(v). From (5.4), (5.3), and (5.6) we obtain, after integration, 


W (v) = G(v)(W35(v) +4 ¥? cos 2rvrdr], 


using the representation 


5(v) 2| cos 2arvrdr, 
J 0 
which has the property 


| A(v)i(v) dv=A(0). 


The convolution theorem states that the Fourier transform of the product of two functions 
is the convolution of their transforms. Thus, using * to mean convolute rather than complex 
conjugate, 


| F (v—v’) F(v')dv’ =F *F, (5.10) 


. 
2 Ve, COS Zrvrdr 


an even function of ». Using this relation, (5.7) becomes 


W (vy) =07G(v)[Weo(v) +-2F *F). (5.11) 


| 


Figures 7 and 8 show Q(v) and W(») for a particular example. 
We wish to find the mean square fluctuations w—7 in w(t), the voltage after the modula- 
tion filter. It is obvious that 
q=ayy 
and 
w=qg(0), 


where g(v) is the amplitude response of G(v). For the case in hand, g(0)=0. 

The mean square voltage after the modulation filter is the integral of W(») over all frequen- 
cies. The function F*F’,, which is related to the IF amplifier response J(v), is very slowly varying 
over the band of G(v). We assume that it may be replaced by its value at y,, and removed 
from under the integral sign. Hence we have 


wo ?G(O)~o+2aF*F , | G(v)dv. 


We define the equivalent width of the function G(v) in the usual way, 


; 
( G(v)dbv. (5.14) 
Ac =3G0,) _ ois 


Values of Avg for a number of filters are given by Colvin |1959}. The mean square fluctuations 


after the modulation filter are then 


Au? =ur’—u? = 4a? F *F vi G(v,,) Ave, 
which is simply the area of the continuous spectrum illustrated by figure 8. 
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The function F(») is proportional to J(v) by (4.4) and (4.5), since R(v+))+R(» 
slowly varying where /(v) is significantly different from zero. 
The form of F(v) may then be rewritten as 


Vo) 18 


F(v)=A(T6/To+-n)kTol (ve) =ANKT I(r), (5.16) 


where A is a constant of the instrument, 7’, is the equivalent temperature of the equivalent 


source at the receiver input terminals described in figure 3¢ and (3.32), and n accounts for con- 
stant noise. For the purpose at hand, it is sufficient to ascribe all this noise power density 
to an operating noise factor N, in the usual way, as shown. We remark parenthetically the 
well-known fact that VV depends on 7,; and the better the noise factor, the more sensitive is 
the dependence. From (5.16), it is evident that 


F*F|, =(ARNT,)I*/\,.. 
Writing Aw= (Aw for simplicity, the output fluctuations are 
Aw=aAkNT,[4I*1 rtm Avg]'”. 


Next we ask what output signal occurs when we intentionally introduce an equivalent 
temperature change A7’, at the input to the receiver. We note that F, Yo, and q will change 
by amounts AF=AkAT ,I(v), Apo, and aA, respectively. If this change is carried out 
sinusoidally at the modulation frequency, assumed slow compared to the times over which the 
correlation functions and spectral densities are evaluated, a signal of amplitude w, will pass 
the modulation filter such that 


A) Gm) Apo= a. AKAT [| G(v,,) |’? I(v)dp. 


This amplitude could be obtained more formally and elegantly perhaps, but surely less directly, 


by incorporating the effect of modulation into (7) and Q(v); but for this purpose the simpler 
argument will do. Following Colvin [1959], we may obtain the equivalent width of the func- 


tion /*J as 


1 . . > 
Av x; o]*] [*Idv a] | | Lode (5.17) 


using (5.16), (5.10), (5.8), (5.9), and (5.2). Values for a number of such receiver responses 


are given in figure 10, and are found to be closely related to the width of the IF response. 
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In terms of these quantities the ratio of rms noise fluctuations to signal amplitude is 


Aw/w,=(y2NT /AT ¢) (Ave/Avye))"2(I*T|y, [T*T \g)"?. (5.18) 
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The third factor is very close to unity because y,, is close to zero compared to the IF bandwidth, 
and we neglect its departure from unity. For signal to fluctuation ratio of unity, we find, 
dropping the subscript Gon AT, 


AT vy 2(Ave Av;«;)' 2NT,,. (5.19) 


The analysis of an unmodulated radiometer employing d-c output and low-pass post-detection 
smoothing filter is contained in (5.13) and (5.12) and gives the same result as (5.19). The 
result essentially agrees with Dicke [1946]. 

So far the minimum detectable AT depends only upon two bandwidths and the system 
noise figure. It depends upon signal level only as this enters into the noise factor. In the 
spectrum of the fluctuations, the d-c terms have been suppressed by the use of modulation and 
the modulation filter, so the drift is eliminated to the extent that a-c amplifiers are more stable 
in gain than d-c amplifiers. Furthermore, gain variations at frequencies outside the bandwidth 
of the modulation filter do not affect the balance. In practical instruments, narrow bandwidth 
at vy, may be obtained by twin-tee circuitry, tuned feedback amplification, or synchronous 
detection at this point. We note in passing that due to the spectral distribution shown in 
figure 7 having a triangular shape, there is in principal a reduction of background noise when 
v»>B. In our case v» is relatively close to zero, and the effect is unimportant. 
applications sensitivity may be increased by raising the modulation frequency. 

Corresponding to a minimum detectable temperature change is a minimum detectable 
change in available noise power given by 


In some 


AP pin = kKAT Av. (5.20) 


Equations (5.19) and (5.20) were used to compute the sensitivity of a receiver with a rectangu- 
lar pair reception filter and an ideal low-pass smoothing filter. The computed figures agree 
well with experimental values, indicating that the assumptions employed in this section are 
reasonable. 

It is not too difficult, following Lawson and Uhlenbeck [1950], to continue the analysis 
through the third detector and to examine the various possible combinations such as quadratic- 
quadratic, quadratic-linear, linear-linear, and linear-quadratic. 


Only qualitative results 
will be noted here, however. 


For the linear-linear and quadratic-linear combinations, the over- 
all rms fluctuation-to-signal dependence is of the form of (5.18) except with Avy, the width of 
the low-pass filter, replacing Avg, and thus enabling a narrower post-detection bandwidth. 
For the quadratic-quadratic and linear-quadratic cases, the overall rms fluctuation to signal 
dependence is as 


Aw’ - a ) (AvgAvy)' 4 


w, AT Avyx; 

The equivalent post-detection band is the geometric mean of the G and H filter widths. The 
criterion, rms fluctuation equal to signal, still gives an expression of the form of (5.19) for mini- 
mum detectable AT. 


6. Balancing Procedures 


Modulation of the elements p;; and q;; of the cascading matrices P and Q by any function 
of time produces a related time dependence of the power P in (4.7), through the two terms in 
which a)? and |c\* appear. For the term in |a? the major time dependence is in the factor 
i/\py|?. The quantity |73,| of (4.7) is slightly time dependent through s}, (an element of the 
scattering matrix corresponding to the cascading matrix P) and through T; and T which 
enter in 7;,. However, the time dependence contributed by these factors may be verified to be 
at greatest of the second order in small quantities (that is, small scattering matrix elements or 
reflection coefficients). For the purposes of this work, this is assumed negligible compared to 
the zeroth-order time dependence of 1/|p,;|?. 
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In (4.7) we may then set the fundamental modulation frequency component of the power 
P toaminimum given by (5.19) and (5.20). The radiometer is used as in figure 11a with sources 





FIGURE 11 Balancing procedure, Example A. 


Substitution of standard 7, I's for unknown 7, T). 





T,. T, and T,, Ts:of (3:38) and (3.39) on arms 1 and 2 respectively. We take 7” T?=T, 
for the temperature of networks P and Q. We designate the fundamental of the time-depend- 
ent factors by the subscript m. If the modulation responses of P and @ are carefully assured 
to be opposite in phase at the fundamental modulation frequency, balance requires that 


T.)_( 1) |Pa2\2(—|P2|2)(T2—T) | 
( qi . ) ‘oe 2 , (6.1) 


We have recognized that the fundamental component of the reciprocal of a function of time 
is not in general equal to the reciprocal of the fundamental component of the function. Equa- 
tion (6.1) is important as the balance equation of the instrument, from which measurements 
and errors for any method of operation may be obtained. 


Example A. If we substitute a source 73, T; of absolutely known value, here supposed to 


be the standard, on arm 1 as in figure 11b, and rebalance by adjusting only p, to a changed 
value pf,, we have the new balance equation 


3911 Gil" /m 


Note that Ts}, has gone into T,si{ because of the source interchange and the readjustment 
of the network P. The quantity |7%|? depends on the reflection coefficient placed on arm 1, 
from (3.25) and (3.28) through (3.31). The dependence stems from terms only of second order 
and higher in small quantities (that is, reflection coefficients or small scattering matrix ele- 
ments). In practice this dependence may be reduced to terms of higher order if isolators, which 
tend to keep I; constant although I, changes, are included in arm 1. Similar remarks apply 
to | T32?. 

The source 72, T, serves only as a reference comparison, and its characteristics as well as 
the characteristics of transmission in arm 2 are eliminated between (6.1) and (6.2). We obtain 
for source 1 in terms of source 3, 


To) =na(A2/A?) (1 —|T3|?)(T3;— To), 
where we have abbreviated Pi !?)m and 
NA Py8h1 2/1 —Tysi7?. (6.4) 


The error factor n4 requires knowledge of only the two additional quantities sj, and sf, both 
nearly equal and easily measured. If the matching is good, n,4 is very nearly unity. This is 


the mode of operation presently in use at the National Bureau of Standards. 
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As a practical point, it is worth noting that the choice of the transmission characteristics 
of the three-port junction may be chosen to advantage in special cases. For use as in Example 
A, we may choose a directional coupler rather than a hybrid tee and secure the required throt- 


tling of 7, by the coupling factor instead of by an attenuator in network Q. This design avoids 
an approximate 3 db power loss of the low-temperature source in the junction and improves 
the sensitivity as described below. The present radiometer analysis is general enough to 
apply to this design also. 


When only comparison of sources at high temperature (~ 11,000 °K) is required, sensitivity 


of comparison is increased by the ability to keep the attenuation ratio in network P about unity 
instead of throttling the high-temperature sources down to the level of the low-temperature 
(~1,000 °K) hot-body standard source. Then a change A7; or AT, in the sources is trans- 
mitted to the receiver unattenuated, and this quantity must be equal to or greater than the 
minimum detectable change given by (5.19). Otherwise only the attenuated change reaches 
the receiver, and correspondingly greater change : 
minimum detectable change at the receiver. 
Example B. The constants of the instrument, 7. 


it the sources is required to produce the 


1, Ly, and gi, may be eliminated by 
interchanging sources 1 and 2 in (6.1) and adjusting p,,; to a changed value p{, for rebalance, 


. . ‘ hs : ell c 5) ae . . 
as in figure 12, which also changes sj, to sif. Elimination of the above constants between 
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hicgure 12. Balancing procedure, Example B. 


Interchange of 7;,T;, and 7>, T: 





Ta, Te = TT, 
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(6.1) and the corresponding equation describing the interchange gives for source 1 in terms 
of source 2, 

(1—|T,|*)(7,— To) = na(d-/A) (1 — | P2|?) (T2— To), (6.5) 
where 


NB shi! {1 —Tysis|) "ys ‘98h |- (6.6) 


Again, nz is very close to unity for good matching. In this method, evaluation of ng requires 
knowledge of the additional quantity sj,, also easily measured. This method is best used for 
sources of similar 7,1. For, if the temperatures are too dissimilar, it requires excessive throt- 
tling in both arms, resulting in poor sensitivity. But the more similar the source reflection 
coefficients, the closer ng becomes to unity. 

Example C. An alternative method of operation may be convenient when many unknown 
sources are to be compared in succession with the standard, 73, T;. As a preliminary adjust- 
ment, trial sources 1 and 2 of similar 7 and T are repeatedly interchanged on arms 1 and 2, 
and py, gu, and 7, are adjusted until further interchange does not disturb the balance. Then 
in (6.1) A=A, and si,=si{, and we may solve for the instrumental constant 


Pst 


T8ii 





The standard source 73, Ty may then be permanently installed on arm 2 as in figure 13. Then 
for any source 7, T installed on arm 1 and balanced to the standard without further adjust- 
ment in arm 2, but only by adjustment of pf, to a new value p,, (and sif to sj, and A, to Xd), 
we have from the form of (6.5) corresponding to this situation and from (6.7) 


(1—|T'\?)(7T—T,) =ne(a2/r) (1 ’3|?)(7'3;—T,), (6.8) 


where 


Again, ne is very close to unity for well matched units. 


i. 
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These examples serve to illustrate the numerous methods of possible operation, not all of 
which are independent. For example, it is stated without proof that Example C reduces to 
Example B for 7, T=7,, T,, and 73, [3;=7 2, T,. Also Example C reduces to Example A if 
T;, T; replaces 7, T in the left-hand member of (6.8) and 7), T, replaces 73, T; in the right- 
hand member. 


7. Typical Error Analysis 


So far we have not assumed any specific configuration for the arms of the radiometer. 
In order to demonstrate that a ratio such as (1/|p{\*)m/(1/|pul*)m=A2/M? is an attenuation 
ratio, and to evaluate error factors numerically, we choose a particular case where one arm 
consists of an attenuator and a modulator. Addition of isolators before or after this combina- 
tion will not affect the result because of the properties of isolators. 

We write a cascading matrix of the type defined by (3.18) for an attenuator with atten- 
uation |/)*, 

ie 


Py P—Tal 2 


where we have used the reciprocal nature of the attenuator. 

We wish to write the cascading matrix M for the general case of a nonreciprocal modulator 
in such a way that we may easily find the fundamental component of 1/|p,,|2.. The scattering 
matrix is 

Tm (t) M(t) 
(4.2) 


m,(t) T' mo(t) 


We assume the elements are constant functions of frequency over the RF pass band, and we 
display the slow time dependence at the modulation frequency. This time dependence in 
practice is, unfortunately, generally different in form and magnitude for each element. From 
(7.1), (7.2), and (3.19) we may form the total cascading matrix, find the element py=(LM)y, 
and finally find 


i Im,(t) 
Pu 1—T oD mi(t) 
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If we take the two time dependences to be real and separable, of the form m,(t) 
Pm (t)=Tmag(t), we see that 


myf(t) and 


l eae 
| 1)?|m,)? {[ f(O P+O(T*) g(OL 7) FF} , 
Put : 7 


where the terms through second order in small quantities (the reflection coefficients) times 
q(t) are displayed. When the fundamental component \’ of each term is taken, to a very high 
degree of approximation, 


because of almost complete cancellation of the second-order terms. This cancellation is the 
more complete the more constant ['y is with attenuator setting. Introducing @ and y, the 
attenuator readings in decibels corresponding to |/|’ and |/,\’, respectively, 


Numerical evaluation of our results will permit examination of the relative importance 
of each source of error. First, the attenuator calibration may be certified to +0.01 db. Sec- 
ond, the error in measurement of the standard temperature 7; may be +5 °K or +0.022 db. 
The output fluctuations given by (5.19) can be made negligible compared to other errors. 
Third, assuming the numerical magnitudes |T'|=|T, r.|=|T'3|=0.030, |s},|=|si¢|=|s?,] =0.050 
(any differences may be accounted for more precisely in practice), and allowing for the most un- 
fortunate phases, we find from (6.4), (6.6), and (6.9) that the bounds on the n’s are |n4|<0.026 
db, |ng!<0.026 db, and |ne'|<0.052 db. If one did not know or did not wish to carry the 
reflection coefficients associated with each source, one could write (6.3), for example, as 


« 


T,—T) np(r *) (7; T.), (7.4) 


where we take np=n4(1—(T; 


used for the radiometer. 


*\/(1—!T,\*). If this error limit were tolerable, (7.4) could be 
Imperfect matching may in practice contribute significant error, so 
that it is evidently desirable to match the system as well as possible. 

Table 1 gives a comparison of an early model (1958) NBS radiometer with a still earlier 
(1946) MIT radiometer and with a maser-TWT radiometer at Columbia. 
put fluctuation of the NBS radiometer was +0.2 °K, which agrees roughly with (5.19). 
indicates that our assumptions are in some measure reasonable. 


The measured out- 
This 


TABLE 1. Calculated performance of three radiometers 


Performance characteristic MIT NBS Columbia ¢ 


Receiver noise figure - -- 25 3.2 


IF bandwidth Avrer_. 
Low pass filter bw 2rAvreg 
Caleulated AT 


Calculated minimum detectable power change.. 


Mejs_-| | 10 
sec 0.2 


0. 08 0.02 


ergs/sec 0.96 10-10 0.15 19-10 


Drake et al. [1958]. 


8. Summary 


It is possible to derive a very general expression for the voltage wave emergent from one 
port of a multiport microwave junction, which itself contains sources, and to the arms of which 


are connected general microwave two-ports themselves terminated by active sources. This 
expression may be specialized to a class of microwave radiometers consisting of a three-port 
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junction, to the arms of which are connected, through general microwave two-ports used for 
measurement, respectively a microwave source to be measured, a standard source in terms of 
which the measurement is made, and a receiver. The analysis is sufficiently complete to 
identify clearly many conditions which bear on the accuracy of measurement of the unknown 
source, and to quantitatively evaluate them, or to keep them below some tolerable contribution. 

In particular, noise arising from lossy elements anywhere in the microwave network can 
be explicitly taken into account. The familiar result obtains, namely that the noise associated 
with the excess of the source temperature over the radiometer temperature is observed; but 
this result is now subject to the important condition that all lossy elements of the radiometer 
proper be at the same temperature. Adequate isolation among arms is required to avoid 
contributions from arms other than the desired one. Departures from ideal impedance match 
in the microwave arms require corrections, which are here evaluated to second order in small 
quantities; this analysis constitutes the main quantitative result of the paper. For radiometers 
designed for rapid comparison of two sources, exactly opposite phase in the switching or modula- 
tion is necessary. Isolation against impedance changes in each arm becomes necessary for 
valid measurement. Correct treatment of the image response of the receiver is also necessary. 

An analysis of fluctuations extends previous results for radiometers which are designed 
for the continuous observation of a source, and which therefore have low pass filters after the 
second detector. The extension applies to radiometers which are designed for rapid com- 
parison of two sources by switching or modulation, and which therefore have band pass filters 
after the second detector. The sensitivity to source temperature change is dependent on the 
receiver noise factor, the limiting IF bandwidth, and the low frequency filter bandwidth in the 
same way as previously. The sensitivity of radiometers with a third detector operating on the 
signal at the switching or modulation frequency depends on the particular combination of 
linear or quadratic second and third detectors used. The spectral distribution of the fluctua- 
tions at various circuit points is useful as an aid to understanding and design. 

A general balance equation for the instrument, subject to explicit simplifying conditions, 
may be derived and specialized to three convenient modes of operation in order to account 


for constants of the instrument appropriate to the two input paths. These modes are (a) 


substitution of a standard source for an unknown source on a particular arm, (b) interchange 
of a standard source and an unknown source on the two arms, and (c) calibration of the instru- 
ment so as to allow immediate comparison of an unknown source with a permanently affixed 
standard. Measurement is accomplished in terms of only the sa (or p,;) element of the equiv- 
alent scattering (or cascading) matrix of the measurement arm. 


Corrections to the measurement explicitly appear in terms of a relatively few pertinent 
reflection coefficients and scattering matrix elements. These expressions may be used either 
to correct the observations or to keep the errors within acceptable limits. Typically, reflection 
coefficient magnitudes of a few hundredths require correction of a few hundredths db. An 
important result is that mismatch of the standard and unknown sources to the waveguide 
transmission line requires correction only as the difference of the absolute squares of their 
reflection coefficients, and so may often reduce the severity of error if the sources are similarly 
mismatched. 

Radiometers in use at the National Bureau of Standards, to which this analysis is applic- 
able, have been previously described by Estin, Trembath, Wells, and Daywitt [1960], and by 
Wells, Daywitt, and Miller [1962]. 


Early work on NBS microwave noise standards was carried out by J. J. Freeman and 
C. R. Greenhow. Experimental work was carried out by M. M. Anderson. Acknowledge- 
ment is due W. R. Atkinson, R. W. Beatty, E. L. Crow, A. J. Estin, and J. S. Wells for their 


suggestions. 
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Calibration of instruments and standards is a refined form of measurement. Measure- 
ment of some property of a thing is an operation that yields as an end result a number that 
indicates how much of the property the thing has. Measurement is ordinarily a repeatable 
operation, so that it is appropriate to regard measurement as a production process, the 
“product” being the numbers, i.e., the measurements, that it yields; and to apply to meas- 
urement processes in the laboratory the concepts and techniques of statistical process control 
that have proved so useful in the quality control of industrial production. 

Viewed thus it becomes evident that a particular measurement operation cannot be 
regarded as constituting a measurement process unless statistical stability of the type 
known as a state of statistical control has been attained. In order to determine whether 
a particular measurement operation is, or is not, in a state of statistical control it is neces- 
sary to be definite on what variations of procedure, apparatus, environmental conditions, 
observers, operators, etc., are allowable in “repeated applications’? of what will be consid- 
ered to be the same measurement process applied to the measurement of the same quantity 
under the same conditions. To be realistic, the ‘‘allowable variations’ must be of sufficient 
scope to bracket the circumstances likely to be met in practice. Furthermore, any experi- 
mental program that aims to determine the standard deviation of a measurement process 
as an indication of its precision, must be based on appropriate random sampling of this 
likely range of circumstances. 

Ordinarily the accuracy of a measurement process may be characterized by giving (a) 
the standard deviation of the process and (b) credible bounds to its likely overall system- 
atic error. Determination of credible bounds to the combined effect of recognized poten- 
tial sources of systematic error always involves some arbitrariness, not only in the placing 
of reasonable bounds on the systematic error likely to be contributed by each particular 
assignable cause, but also in the manner in which these individual contributions are com- 
bined. Consequently, the “inaccuracy” of end results of measurement cannot be ex- 
pressed by “confidence limits’ corresponding to a definite numerical “confidence level,’ 
except in those rare instances in which the possible overall systematic error of a final result 
is negligible in comparison with its imprecision 


1. Introduction 


Calibration of instruments and _ standards is 
basically a refined form of measurement. Measure- 
ment is the assignment of numbers to material 
things to represent the relations existing among 
them with respect to particular properties. One 
always measures properties of things, not the things 
themselves. In practice, measurement of some 
property of a thing ordinarily takes the form of a 
sequence of steps or operations that yields as an end 
result a number that indicates how much of this 
property the thing has, for someone to use for a 
specific purpose. The end result may be the out- 
come of a single reading of an instrument. More 
often it is some kind of average, e.g., the arithmetic 
mean of a number of independent determinations of 
the same magnitude, or the final result of a least 
squares “reduction”? of measurements of a number 
of different quantities that bear known relations to 
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each other in accordance with a definite experimental 
plan. In general, the purpose for which the answer 
is needed determines the accuracy required and 
ordinarily also the method of measurement employed. 

Specification of the apparatus and _ auxiliary 
equipment to be used, the operations to be performed, 
the sequence in which they are to be executed, and 
the conditions under which they are respectively to 
be carried out—these instructions collectively serve 
to define a method of measurement. A measure- 
ment process is the realization of a method of 
measurement in terms of particular apparatus and 
equipment of the prescribed kinds, particular condi- 
tions that at best only approximate the conditions 
prescribed, and particular persons as operators and 
observers. 

It has long been recognized that, in undertaking 
to apply a particular method of measurement, a 
degree of consistency among repeated measurements 
of a single quantity needs to be attained before the 
method of measurement concerned can be regarded 
as meaningfully realized, i.e., before a measurement 
process can be said to have been established that is 
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a realization of the method of measurement con- 
2 pe Indeed, consistency or statistical stability 
of a very special kind is required: to qualify as a 
measurement process a measurement operation must 
have attained what is known in industrial quality 
control language as a state of statistical control. 
Until a measurement operation has been ‘“debugged”’ 
to the extent that it has attained a state of statistical 
control it cannot be regarded in any logical sense as 
measuring anything at all. And when it has attained 
a state of statistical control there may still remain 
the question of whether it is faithful to the method 
of measurement of which it is intended to be a 
realization. 

The systematic error, or bias, of a measurement 
process refers to its te i tl vy to measure something 
other than what was intended; and is determined by 
the magnitude of the difference uw—r between the 
process average or limiting mean yu associated with 
measurement of a particular quantity by the 
measurement process concerned and the true value 
r of the magnitude of this quantity. On first 
thought, the ‘true value” of the magnitude of 
particular quantity appears to be a simple straight- 
forward concept. On careful analysis, however, it 
becomes evident that the ‘‘true value” of the magni- 
tude of a quantity is intimately linked to the pur- 
poses for which knowledge of the magnitude of this 
quantity is needed, and cannot, in the final analysis, 
be meaningfully and usefully defined in isolation 
from these needs. 

The precision of a measurement process refers to, 
and is determined by the degree of mutual agree- 


ment characteristic of independent measurements of 
a single quantity vielded by repeated applications 


of the process under specified conditions; and its 
accuracy refers to, and is determined by, the degree 
of agreement of such measurements with the true 
value of the magnitude of the quantity concerned. 
In brief ‘“‘accuracy”’ has to do with closeness to the 
truth; “precision,” only with closeness together. 

Systematic error, precision, and accuracy are in- 
herent characteristics of a measurement process and 
not of a particular measurement yielded by the 
process. We may also speak of the systematic error, 
precision, and accuracy of a particular method of 
measurement that has the capability of statistical 
control. But these terms are not defined for a meas- 
urement operation that is not in a state of statistical 
control. 

The precision, or more correctly, the imprecision 
of a measurement process is ordinarily summarized 
by the standard deviation of the process, which ex- 
presses the characteristic disagreement of repeated 
measurements of a single quantity by the process 
concerned, and rte serves to indicate by how much 
a particular measurement is likely to differ from other 
values that the same measurement process might 
have provided in this instance, or might yield on re- 
measurement of the same quantity on another occa- 
sion. Unfortunately, there does not exist any single 
comprehensive measure of the accuracy (or inaccu- 
racy) of a measurement process analogous to the 
standard deviation as a measure of its imprecision. 


To characterize the accuracy of a measurement 
process it is necessary, therefore, to indicate (a) its 
systematic error or bias, (b) its precision (or impre- 
cision)—and, strictly speaking, also, (c) the form of 
the distribution of the individual measurements 
about the process average. Such is the unavoidable 
situation if one is to concern one’s self with indi- 
vidual measurements yielded by any particular meas- 
urement process. Fortunately, however, “final 
results” are ordinarily some kind of average or ad- 
justed value derived from a set of independent 
measurements, and when four or more independent 
measurements are involved, such adjusted values 
tend to be normally distributed to a very good ap- 
proximation, so that the accuracy of such final results 
can ordinarily be characterized satisfactorily by in- 
dicating (a) their imprecision as expressed by their 
standard error, and (b) the systematic error of the 
process by which they were obtained. 

The error of any single measurement or adjusted 
value of a particular quantity is, by definition, the 
difference between the measurement or adjusted 
value concerned and the true value of the magnitude 
of this quantity. The error of any particular meas- 
urement or adjusted value is, therefore, a fixed num- 
ber; and this number will ordinarily be unknown and 
unknowable, because the true value of the magnitude 
of the quantity concerned is ordinarily unknown and 
unknowable. Limits to the error of a single meas- 
urement or adjusted value may, however, be in- 
ferred from (a) the precision, and (b) bounds on the 
systematic error of the measurement process by 
which it was produced—but not without risk of being 
incorrect, because, quite apart from the inexactness 
with which bounds are commonly placed on a sys- 
tematic error of a measurement process, such limits 
are applicable to the error of the single measurement 
or adjusted value, not as a unique individual out- 
come, but only as a typical case of the errors charac- 
teristic of such measurements of the same quantity 
that might have been, or might be, vielded by the 
same measurement process under the same condi- 
tions. 

Since the precision of a measurement process is de- 
termined by the characteristic ‘‘closeness together” 
of successive independent measurements of a single 
magnitude generated by repeated application of the 
process under specified conditions, and its bias or 
systematic error is determined by the direction and 
amount by which such measurements tend to differ 
from the true value of the magnitude of the quantity 
concerned, it is necessary to be clear on what varia- 
tions of procedure, apparatus, environmental con- 
ditions, observers, etc., are allowable in “repeated 
applications” or what will be considered to be the 
same measurement process applied to the measure- 
ment of the same quantity under the same conditions. 
If whatever measures of the precision and bias of a 
measurement process we may adopt are to provide 
a realistic indication of the accuracy of this process in 
practice, then the “allowable variations’’ must be of 
sufficient scope to bracket the range of circumstances 
commonly met in practice. Furthermore, any ex- 
perimental program that aims to determine the pre- 
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cision, and thence the accuracy of a measurement 
process, must be based on an appropriate random 
sampling of this “range of circumstances,”’ 
usual tools of statistical analysis are to be strictly 
applicable. 


When adequate random sampling of the appro- | 


priate “range of circumstances” is not feasible, or 
even possible, then it is necessary (a) to compute, by 
extrapolation from available data, a more or 
subjective estimate of the precision of the measure- 


ment process concerned, to serve as a substitute for | 


a direct experimental measure of this characteristic, 
and (b) to assign more or less subjective bounds to 
the systematic error of the measurement process. 


To the extent that such at least partially subjective | 


computations are involved, the resulting evaluation 
of the overall accuracy of a measurement 
“is based on subject-matter knowledge and _ skill, 
general information, and intuition 
tistical methodology” [Cochran et al. 1953, p. 693]. 
Consequently, in such cases the statistically precise 
concept of a family of “confidence intervals’ asso- 
ciated with a definite “confidence level” or “confidence 
coefficient”’ is not applicable. 

The foregoing points and certain other related 
matters are discussed in greater detail in the suc- 
ceeding sections, together with an 
procedures for the realistic evaluation of precision 
and accuracy of established procedures for the 
calibration of instruments and standards that mini- 


mize as much as possible the subjective elements of | 
To the extent that complete | 


such an evaluation. 


elimination of the subjective element is not always | 


possible, the responsibility for an important and 
sometimes the most difficult part of the evaluation 
is shifted from the shoulders of the statistician to 
the shoulders of the subject matter “expert.” 


2. Measurement 
2.1. Nature and Object 


Measurement is the assignment of numbers to 
material things to represent the relations existing 
among them with respect to particular properties. 
The number assigned to some particular property 
serves to represent the relative amount of this prop- 
erty associated with the object concerned. 

Measurement always pertains to properties of 
things, not to the things themselves. Thus we 
cannot measure a meter bar, but can and usually 
do, measure its length; and we could also measure its 
mass, its density, and perhaps, also its hardness. 

The object of measurement is twofold: first, sym- 
bolic representation of properties of things as a 
basis for conceptual analysis; and second, to effect 
the representation in a form amenable to the power- 
ful tools of mathematical analysis. The decisive 
feature is symbolic representation of properties, for 
which end numerals are not the only usable symbols. 

In practice the assignment of a numerical magni- 
tude to a particular property of a thing is ordinarily 
accomplished by comparison with a set of standards, 
or by 


if the | 


less | 


process | 


but not on sta- | 


indication of | 





comparison either of the quantity itself, or of 


some transform of it, with a previously calibrated 
scale. Thus, length measurements are usually made 
by directly comparing the length concerned with a 
calibrated bar or tape; and mass measurements, by 
directly comparing the weight of a given mass with 
the weight of a set of standard masses, by means of 
a balance; but force measurements are usually 
carried out in terms of some transform, such as by 
reading on a calibrated scale the extension that the 
force produces in a spring, or the deflection that it 
produces in a proving ring; and temperature measure- 
ments are usually performed in terms of some trans- 
form, such as by reading en a calibrated scale the 
expansion of a column of mercury, or the electrical 
resistance of a platinum wire. 


2.2. Qualitative and Quantitative Aspects 


As Walter A. Shewhart, 
trol charts, has remarked: 


father of statistical con- 


“It is important to realize . that there are two aspects 
of an operation of measurement; one is quantitative and the 
other qualitative. One consists of numbers or pointer read- 
ings such as the observed lengths inn measurements of the 
length of a line, and the other consists of the physical manipu- 
lations of physical things by someone in accord with instrue- 
tions that we shall assume to be describable in words con- 
stituting a text.’”’ [Shewhart 1939, p. 130.] 


More specifically, the qualitative factors involved 
in the measurement of a quantity are: the apparatus 
and auxiliary equipment (e.g., reagents, batteries or 
other source of electrical energy, etc.) employed; 
the operators and observers, if any, involved; the 
operations performed, together with the sequence in 
which, and the conditions under which, they are 
respectively carried out. 


2.3. Correction and Adjustment of Observations 


The numbers obtained “readings” on a cali- 
brated scale are ordinarily the end product of every- 
day measurement in the trades and in the home. 
In scientific work there are usually two important 
additional quantitative aspects of measurement: 
(1) correction of the readings, or their transforms, to 
compensate for known deviations from ideal execu- 
tion of the prescribed operations, and for non- 
negligible effects of variations in uncontrolled vari- 
ables; and (2) adjustment of “raw” or corrected 
measurements of particular quantities to obtain 
values of these quantities that conform to restric- 
tions upon, or interrelations among, the magnitudes 
of these quantities imposed by the nature of the 
problem. 

Thus, it may not be practicable or economically 
feasible to take readings at exactly the prescribed 
temperatures; but quite practicable and feasible to 
bring and hold the temperature within narrow neigh- 
borhoods of the prescribed values and to record the 
actual temperatures to which the respective readings 
correspond. In such cases, if the deviations from the 
prescribed temperatures are not negligible, ‘‘temper- 
ature corrections” based on appropriate theory are 
usually applied to the respective readings to bring 
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them to the values that presumably would have been 
observed if the temperature in each instance had 
been exactly as prescribed. 

In practice, however, the objec tive just stated is 
rarely, if ever, actually achieved. Any ‘“‘temperature 
corrections” applied could be expected to bring the 
respective readings “to the values that presumably 
would have been observed if the temperature in each 
instance had been exactly as prese ribed”’ if and only 
if these ‘‘temperature corrections” made appropriate 
allowances for all of the effects of the deviations of 
the actual temperatures from those prescribed. 
“Temperature corrections” ordinarily correct only 
for particular effects of the deviations of the actual 
temperatures from their prescribed values; not for all 
of the effects on the readings traceable to deviations 
of the actual temperatures from those prescribed. 
Thus Michelson utilized ‘‘temperature corrections” in 
his 1879 investigation of the speed of light; but his 
results exhibit a dependence on temperature after 
“temperature correction.”’ The ‘temperature cor- 
rections” applied corrected only for the effects of 
thermal expansion due to variations in temperature 
and not also for changes in the index of refraction of 
the air due to changes in the humidity of the air, 
which in June and July at Annapolis is highly cor- 
related with temperature. Corrections applied in 
practice are usually of more limited Sco pe than the 
names that they are given appear to indicate. 

Adjustment of observations fundamentally 
different from their ‘‘correction.’”” When two or more 
related quantities are measured individually, the 
resulting measured values usually fail to satisfy the 
constraints on their magnitudes implied by the given 
interrelations among the quantities concerned. In 
such cases these “‘raw’’ measured values are mutually 
contradictory, and require adjustment in order to be 
usable for the purpose intended. Thus, measured 
values of the three cyclic differences (A—B), (B—C), 
and (C—A) between the lengths of three nominally 
equivalent gage blocks are mutually contradictory, 
and strictly speaking are not usable as values of 
these differences, unless they sum to zero. 

The primary goal of adjustment is to derive from 
such inconsistent measurements, if possible, adjusted 
values for the quantities concerned that do satisfy the 
constraints on their magnitudes imposed by the 
nature the quantities themselves and by the 
existing interrelations among them. A second objec- 
tive is to select from all possible sets of adjusted 
values the set that is the “ or, at least, a set 
that is “‘good enough” for the intended purpose—in 
some well-defined sense. Thus, in the above case of 
the measured differences between the lengths of 
three gage blocks, an adjustment could be effected 
by ignoring the measured value of one of the differ- 
ences entirely, say, the difference (C— A), and taking 
the negative of the sum of the other two its 
adjusted value, 


Adj(C—A)=—| 


Is 


best”’ 


as 


A—B)+(B-—C)). 

This will certainly assure that the sum of all three 
values, (A—B)+(B- Adj(C—A), is zero, as 
required, and is clearly equivalent to ascribing all of 


| the excess or deficit to the replaced measurement, 
| (C—A). Alternatively, one might prefer to dis- 
| tribute the rome Ed total adjustment —[((A—B) 
(B—C) —A)| equally over the individual 
Sittin le dl to obtain the following set of 
adjusted values: 
Adj (A- 


B)=(A 


B)—1 (A 


—A)] 


Adj (B 


Adj (C 


Clearly, the sum of these three adjusted values must 
always be zero, as required, regardless of the values 
of the original individual measured differences. 
Furthermore, most persons, | believe, would con- 
sider this latter adjustment the better; and under 
certain conditions with respect to the “law of error’ 
governing the original measured differences, it 
indeed the “best.” 

Note that no adjustment problem existed at 
the stage when only two of these differences had 
been measured whichever they were, for then the 
third could be obtained by subtraction. As a 
general principle, when no more observations are 
taken than are sufficient to provide one value of 
each of the unknown quantities involved, then the 
results so obtained are usable at least—-they may 
not be “‘best.’”’ On the other hand, when additional 
observations are taken, leading to “over determina- 
tion’? and consequent contradiction of the funda- 
mental properties of, or the basic relationships among 
the quantities concerned, then the respective obser- 
vations must be regarded contradicting one 
another. When this happens the observations 
themselves, or values derived from them, must be 
replaced by adjusted values such that all contradic- 
tion is removed. ‘This is a logical necessity, since 
we cannot accept for truth that which is contradic- 
tory or leads to contradictory results.” [Chauvenet 
LS6S, p. 4 472.| 


is 


as 


2.4. Scheduling the Taking of Measurements 


Having done what one can to remove extraneous 
sources of error, and to make the basic measurements 
as precise and as free from systematic error as pos- 
sible, it is frequently possible not only to increase 
the precision of the end results of major interest but 
also to simultaneously decrease their sensitivity to 
sources of possible systematic error, by careful 
scheduling of the measurements required. An 
instance is provided by the traditional procedure for 
calibrating liquid-in-glass thermometers [Waidner 
and Dickinson 1907, p. 702; NPL 1957, pp. 29-30; 
Swindells 1959, pp. 11-12]: Instead of attempting to 
hold the temperature of the comparison bath con- 
stant, a very difficult objective to achieve, the heat 
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input to the bath is so adjusted that its temperature 
is slowly increasing at a steady rate, and then read- 
ings of, say, four test thermometers and two 
standards are taken in accordance with the schedule 


S; T, T; T; TS,S2 T; T; T; Ty i 


the readings being spaced uniformly in time so that 
the arithmetic mean of the two readings of any one 
thermometer will correspond to the temperature of 
the comparison bath at the midpoint of the period. 
Such scheduling of measurement taking operations so 
that the effects of the specific types of departures 
from perfect control of conditions and pois a will 
have an opportunity to balance out is one of the 
principal aims of the art and science of statistical 
design of experiments. For additional physical 
science examples, see, for instance, Youden [195la; 
and 1954-1959). 


2.5. Measurement as a Production Process 


We may summarize our discussion of measurement 
up to this point, as follows: Measurement of some 
property of a thing in practice always takes the form 
of a sequence of steps or operations that yield as an 
end result a number that serves to represent the 
amount or quantity of some particular property of a 
thing—a number that indicates how much of this 
property the thing has, for someone to use for a 
specific purpose. The end result may be the out- 
come of a single reading of an instrument, with or 
without corrections for departures from prescribed 
conditions. More often it is some kind of average 
or adjusted value, e.g., the arithmetic mean of a 
number of independent determinations of the same 
magnitude, or the final result of, say, a least squares 
“reduction” of measurements of a number of different 
quantities that have known relations to the quantity 
of interest. 

Measurement of some property of a thing is ordi- 
narily a repeatable operation. This is certainly the 
case for the types of measurement ordinarily met in 
the calibration of standards and instruments. It is 
instructive, therefore, to regard measurement as a 
production process, the “product” being the numbers, 
that is, the measurements that it yields; and to com- 
yare and contrast measurement processes in the 
 alherpeall with mass production processes in indus- 
try. For the moment it will suffice to note (a) that 
when successive amounts of units of ‘“‘raw material’ 
are processed by a particular mass _ production 
process, the output is a series of nominally identical 
items of product—of the particular type produced 
by the mass production operation, 1e., by the 
method of production concerned; and (b) that when 
successive objects are measured by a particular 
measurement process, the individual items of ‘‘prod- 
uct” produced consist of the numbers assigned to 
the respective objects to represent the relative 
amounts that they possess of the property deter- 
mined by the method of measurement involved. 


675063—63 6 


| define a method of measurement. 


2.6. Methods of Measurement and Measurement 
Processes 


Specification of the apparatus and auxiliary equip- 
ment to be used, the operations to be performed, the 


| sequence in which they are to be carried out, and the 


conditions under which they are respectively to be 
carried out—these instructions collectively serve to 
To the extent that 
corrections may be required they are an integral part 
of measurement. The types of corrections that will 


| ordinarily need to be made, and specific procedures 


for making them, should be included among “the 
operations to be performed.” Likewise, the essen- 
tial adjustments required should be noted, and 
specific procedures for making them incorporated in 
the specification of a method of measurement. 

A measurement process is the realization of a 
method of measurement in terms of particular 
apparatus and equipment of the prescribed kinds, 
particular conditions that at best only approximate 
the conditions prescribed, and particular persons as 
operators and observers [ASTM 1961, p. 1758; 
Murphy 1961, p. 264]. Of course, there will often 
be a question whether a particular measurement 
process is loyal to the method of measurement of 
which it is intended to be a realization; or whether 
two different measurement processes can be con- 
sidered to be realizations of the same method of 
measurement. 

To begin with, written specifications of methods 


| of measurement often contain absolutely precise 


instructions which, however, cannot be carried out 


(repeatedly) with complete exactitude in practice; 
for example, ‘‘move the two parallel cross hairs of the 
micrometer of the microscope until the graduation 


line of the standard is centered between them.’ The 
accuracy with which such instructions can be carried 


| out in practice will always depend upon “the cir- 


cumstances’; in the case cited, on the skill of the 


| operator, the quality of the graduation line of the 
| standard, the quality of the screw of the micrometer 


the parallelism of the cross hairs, etc. To the extent 
that the written specification of a method of measure- 
ment involves absolutely precise instructions that 


| cannot be carried out with complete exactitude in 


practice there are certain to be discrepancies between 
a method of measurement and its realization by a 
particular measurement process. 

In addition, the specification of a method of 
measurement often includes a number of imprecise 
instructions, such as “raise the temperature slowly,”’ 
“stir well before taking a reading,” ‘“‘make sure that 
the tubing is clean,’ etc. Not only are such in- 


| structions inherently vague, but also in any given 


instance they must be understood in terms of the 
general level of refinement characteristic of the 
context in which they occur. Thus, ‘‘make sure that 
the tubing is clean” is not an absolutely definite in- 
struction; to some people this would mean simply 
that the tubing should be clean enough to drink 
liquids through; in some laboratory work it might be 
interpreted to mean mechanically washed and 
scoured so as to be free from dirt and other ordinary 
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solid matter (but not cleansed also with chemical 
solvents to remove more stubborn contaminants); 
to an advanced experimental physicist it may mean 
not merely mechanically washed and chemically 
cleansed, but also “out gassed” by being heated to 
and held at a 
point, for an hour or so. All will agree, | believe, 
that it would be exceedingly difficult to make such 
instructions absolutely definite with a convenient 
number of words. To the extent that the specifica- 
tion of a method of measurement includes instruc- 
tions that are not absolutely definite, there will be 
room for differences between measurement processes 
that are intended to be realization of the very same 
method of measurement. 

Recognition of the difficulty of achieving absolute 
definiteness in the specification of a method of 
measurement does not imply that “any old set’’ of 
instructions will serve to define a method of measure- 
ment. Quite the contrary. To qualify as a specifi- 
cation of a method of measurement, a set of instruc- 
tions must be sufficiently definite to insure statistical 
stability of repeated measurements of a single 
quantity, that is, derived measurement processes 
must be capable of meeting the criteria of statistical 
control [Shewhart 1939, p. 131; Murphy 1961, p. 265; 
ASTM 1961, p. 1758]. To elucidation of the mean- 
ing of, and need for this requirement we now turn. 


3. Properties of Measurement Processes 
3.1. Requirement of Statistical Control 


The need for attaining a degree of consistency 
among repeated measurements of a single quantity 
before the method of measurement concerned can be 
regarded as meaningful has certainly been recognized 
for a long, long time. Thus Galileo, describing his 
famous experiment on the acceleration of gravity 
in which he allowed a ball to roll different distances 
down an inclined plane wrote: 

. . Silasciava (como dico) scendere per il detto canale 
la palla, notando, nel modo che appresso dird, il temp che 
consumava nello scorrerlo tutto, replicando il medesimo atto 
molte volte per assicurarsi bene della quantita del temp, nel 
quale non si trovava mai differenza né anco della decima parte 
d’una battuta di polso. Fatta e stabilita precisamente tale 
operazione, facemmo scender la ame ‘dis sima palla solamente per 
la quarta parte della lunghezza . canale ...”! 
[Galileo 1638, Third Day; Nat’l. ed., 

Something more than mere a is re- 
quired, however, as Shewhart points out eloquently 
in his very important chapter on “The Spee ification 
of Accuracy and Precision” [Shewhart 1939, ch. IV]. 
He begins by noting that the description given by 
R. A. Millikan [1903, pp. 195-196] of a method for 
determining the surface tension 7 of a liquid from 
measurements of the force of tension F of a film of 


CSSO 
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for the following literal translation: 
end through said channel, record- 
e time it took in traversing it all, 
really sure of the magnitude of 
even a tenth ofa pulsebeat. Hav- 
ration, we let the s¢ ame ball descend 
ame channel; ° 


high temperature, near the softening | 


the liquid contains the following instruction with 
regard to the basic readings from which measure- 
ments of F are derived: “Continue this operation 
until a number of consistent readings can be ob- 
tained.”” Shewhart then comments on this as 
follows: 


the text describing the operation does not say to 
carry out such and such physical operations and call the 
result a measurement of 7. Instead, it says in effect not to 
call the result a measurement of 7’ until one has attained a 
certain degree of consistency among the observed values of 
F and hence among those of 7. Although this requirement is 
not always explicitly stated in specifications of the operation 
of measurements as it was here, I think it is always implied. 
Likewise, I think it is always assumed that there can be too 
much consistency or uniformity among the observed values 
as, for example, if a large number of measurements of the 
surface tension of a liquid were found to be identical. What 
is wanted but not explicitly described is a specific kind and 
degree of consistency. 

it should be noted that the advice to repeat the 
operation of measuring surface tension until a number of 
consistent readings have been obtained is indefinite in that it 
does not indicate how many readings shall be taken before 
applying a test for consistency, nor what kind of test of 
consistency is to be applied to the numbers or pointer read- 
ings One of the objects of this chapter is to see how 
far one can go toward improving this situation by providing 
an operationally definite criterion that preliminary observa- 
tions must meet before they are to be considered consistent 
in the sense implied in the instruction cited above. 

‘Before doing this, however, we must give attention not 
so much to the consistency of the n observed values already 
obtained by n repetitions of the operation of measurement as 
we do to the reproducibility of the operation as determined by 
the numbers in the potentially infinite sequence corresponding 
to an infinite number of repetitions of this operation. No 
one would care very much how consistent the first n prelimi- 
nary observations were if nothing could be validly inferred 
from this as to what future observations would show. Hence, 
it seems to me that the characteristics of the numerical as- 
pects of an operation that is of greatest practical interest is 
its re producibility within tolerance limits throughout the infinite 
sequence. The limit to which we may go in this direction is 
to attain a state of statistical control. The attempt to 
attain a certain kind of consistency within the first n ob- 
served values is merely a means of attaining reproducibility 
within limits throughout the whole of the sequence.” 
{[Shewhart 1939, pp. 131-132.] 


The point that Shewhart makes forcefully, 
stresses repeatedly later in the same chapter, is that 
the first m measurements of a given quantity gen- 
erated by a particular measurement process provide 
a logical basis for predicting the behavior of further 


and 


measurements of the same quantity by the same 
measurement process if and only if these n measure- 
ments may be regarded as a random sample from a 

“population” or “universe” of all conceivable 
measurements of the given quantity by the measure- 
ment process concerned; that is, in the language of 
mathematical statistics, if an only if the n measure- 
ments in hand may be regarded as “observed 
values” of a sequence of random variables charac- 
terized by a probability distribution identified with 
the measurement process concerned, and related 
through the values of one or more of its parameters 
to the magnitude of the quantity measured. 

It should be noted especially that nothing is said 
about the mathematical form of the probability 
distribution of these random variables. The im- 
portant thing is that there be one. W. Edwards 


166 





Deming has put this clearly and forcefully in these 
words: 


“In applying statistical theory, the main consideration 

is not what the shape of the universe is, but whether there is 
any universe at all. No universe can be assumed, nor . 
statistical theory . applied unless the observations show 
statistical control. In this state the samples when cumulated 
over a suitable interval of time give a distribution of a par- 
ticular shape, and this shape is reproduced hour after hour, 
day after day, so long as the process remains in statistical 
control—i.e., exhibits the properties of randomness. In a 
state of control, n observations may be regarded as a sample 
from the universe of whatever shape it is. A big enough 
sample, or enough small samples, enables the statistician to 
make meaningful and useful predictions about future samples. 
This: is as much as statistical theory can do. 
. . . Very often the experimenter, instead of rushing in 
to Aor [statistical methods] should be more concerned 
about attaining statistical control and asking himself whether 
any predictions at all (the only purpose of his experiment), 
by statistical theory or otherwise, can be made.’ [Deming 
1950, pp. 502-503.) 


Shewhart was well aware of the fact that from a 
set of nm measurements in hand it is not possible to 
decide with absolute certainty whether they do or 
do not constitute a random sample from some 
definite statistical “population” characterized by a 
probability distribution. He, therefore, proposed 
[Shewhart 1939, pp. 146-147] that in any particular 
instance one should “decide to act for the present as 
if’’* the measurements in hand (and their immediate 
successors) were a simple random sample from a 
definite statistical population—i.e., in the language 
of mathematical statistics, were “observed values” 
of independent identically distributed random vari- 
ables—only if the measurements in hand met the 


requirements of the small-samples version of Crite- 
rion I of his previous book [Shewhart 1931, pp. 309— 
318] and of certain additional tests of randomness 
that he described explicitly for the first time in his 


contribution to the University of 
centennial Conference in September 1940 [Shewhart, 
1941]. In other words, Shewhart proposed that one 
should consider a measurement process to be—i.e., 
should “decide to act for the present as if’ the 
process were—in a_ state of (simple) statistical 
control, only if the measurements in hand show no 
evidence of lack of statistical control when analyzed 
for randomness in the order in which they were taken 
by the control chart techniques for averages and 
standard deviations that he had found so valuable 
in industrial process control and by certain addi- 
tional tests for randomness based on “runs above 
and below average” and “runs up and down.’’® 


Pennsylvania Bi- 


2 This very explicit phraseology is due to John W. 

3’ Thomas Simpson, in his now famous letter [Simpson 1755] to the President of 
the Royal Society of London ‘‘on the Advantage of taking the Mean of a Number 
of Observations, in practical Astronomy,’’ was the first to consider repeated 
measurements of a single quantity by a given measurement process as observed 
values of independent random variables having the same probability distribu- 
tion. His conclusion is of interest in itself 


Tukey [1960, p. 424]. 


“Upon the whole of which it appears, that the taking of the Mean ofanumber 
of observations, greatly diminishes the chances for all the smaller errors, and cuts 
off almost all possibility of any great ones: which last consideration, alone , seem 
sufficient to recommend the use of the method, not only to astronomers, but 
to all others concerned in making of experiments of any kind (to which the above 
reasoning is equally applicable) And the more observations or experiments 
there are made, the less will the conclusion be li ible to err, provided they admit 
of being repeated under the same circumstances. 





Simpson* did not prove that taking of the Arith- 
metic Mean was the best thing to do but merely 
that it is good. However, in accomplishing this goal 
he did something much more important: he took “the 
bold step of regarding errors of measurement, not as 
unique unrelated magnitudes unamenable to mathe- 
matical analysis, but as distributed in accordance 
with a probability distribution that was an intrinsic 
property of the measurement process itself. He 
thus opened the way to a mathematical theory of 
measurement based on the mathematical theory of 
probability; and, in particular, to the formulation 
and development of the Method of Least Squares in 
essentially its present day form by Gauss (1809, 
1821) and Laplace (1812). 

“Student” (William Sealy 
pioneer statistical consultant 
“theory of small samples,” was certainly among the 
first to stress the importance of randomness in 
measurement and experimentation. Thus, he began 
his revolutionary 1908 paper on ‘The probable error 
of a mean”’ with these remarks: 


Gosset, 1876-1937), 
and “father” of the 


“Any experiment may be regarded as forming an indi- 
vidual of a ‘population’ of experiments which might be 
performed under the same conditions. A series of experi- 
ments is a sample drawn from this population. 

“Now any series of experiments is only of value in so far 
as it enables us to form a judgment as to the statistical 
constants of the population to which the experiments be- 
long.”” [Student 1908, p. 1.] 


None of these writers, nor any of their contem- 
porar:es, however, provided ‘‘an operationally def- 
inite criterion that preliminary observations must 
meet’? before we take it upon ourselves ‘‘to act for 
the present as if”’ they and their immediate successors 
were random samples from a ‘“‘population” or “uni- 
verse”’ of all conceivable measurements of the given 
quantity by the measurement process concerned. 
Provision of such a criterion is Shewhart’s major 
contribution. 

Experience shows that in the case of measurement 
processes the ideal of strict statistical control that 
Shewhart prescribes is usually very difficult to 
attain, just as in the case of industrial production 
processes. Indeed, many measurement processes 
simply do not and, it would seem, cannot be made 
to conform to this ideal of producing successive 
measurements of a single quantity that can be 
considered to be “observed values” of independent 
identically distributed random variables.‘ The na- 
ture of the “trouble” was stated succinctly by 
Student in 1917 when, speaking of physical and 
chemical determinations, he wrote: 

“After considerable experience I have not encountered 
any determination which is not influenced by the date on 


which it is made; from this it follows that a number of deter- 
minations of the same thing made on the same day are likely 


4 Looking at the matter from a fundamental viewpoint, perhaps we 
say, not that Shewhart’s ideal of strict statistical control is unattainable 
case of such measurement processes, but rather that the degree of approximation 
to this ideal can be made as close as one chooses, if one is willing to pay the price. 
In other words, how close one chooses to bring a measurement process to the ideal 
of strict statistical control is, in any given instance, basically an economic matter, 
taking into account, of course, not only the immediate purpose(s) for which the 
measurements are intended but also the other uses to which they may be put. 
(Compare Simon [1946, p. 566] and Eisenhart [1952, p. 554)] 


should 
in the 
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to lie more closely together than if the repetitions had been 
made on different days.’’ [Student 1917, p. 415.] 

In other words, production of measurements seems 
to be like the production of paint; and just as in the 
case of paint, if one must cover a large surface all of 
which is visible simultaneously, one will do well to 
use paint all from the same batch, so in the case of 
measurements, if a scientist or metrologist ‘wishes 
to impress his clients’’ he will “arrange to do repeti- 
tion analyses as nearly as possible at the same time. 
[Student 1927, p. 155.| 

Fortunately, just as one may blend paint from 
several batches to obtain a more uniform color, and 
one which is, presumably, closer to the ‘process 
average,’ so also may a scientist or metrologist 
“if he wishes to diminish his real error, separate 
[his measurements] by as wide an interval of time as 
possible” [Student, loc. cit.] and then t ake an appropri- 
ate average of them as hie determination. Consequ- 
ently, if we are to permit such averaging as an allow- 
able step in a fully specified measurement process (see 
sec. 2.6 above), then we are obliged to recognize both 
within-day and between-day components of variation, 
and accept such a complex measurement process as 
being in a state of statistical control overall, or as 
we shall say, in a state of COMPLEX statistical 
control, when the components of within-day and 
between-day variation are both in a state of statis- 
tical control in Shewhart’s strict which we 
shall term SIMPLE statistical control. In more 
complex situations, one may be obliged to recognize 
more than two “layers’”’ of variation, and, some- 
times, more than a single component of variation 
within a given “‘laver.”’ 

Adopting this more general concept of statistical 
control, R. B. Murphy of the Bell Telephone Labora- 
tories in his essay ‘On the Meaning of Precision and 
Accuracy” [Murphy 1961], published in advance of 
the issuance by the American Society for Testing 
and Materials of its Tentative Recommended 
Practice with respect to the “Use of the Terms 
Precision and Accuracy as Applied to Measurement 
of a Property of a Material” [ASTM 1961], remarks: 

“Following through with this line of thought borrowed 
from quality control, we shall add a requirement that an 
effort to follow a test method ought not to be known as a 
measurement process unless it is capable of statistical control 
Capability of control means that either the measurements 
are the product of an identifiable statistical universe or an 
orderly array of such universes or, if not, the physical causes 
preventing such identification may themselves be identified 
and, if desired, isolated and suppressed. Incapability of 
control implies that the results of measurement are not to be 
trusted as indications of the physical property at hand—in 
short, we are not in any verifiable sense measuring 
thing . Without this limitation on the notion of 
measurement process, one is unable to go on to give meaning 
to those statistical measures which are basic to any discussion 
of precision and accuracy.”’ [Murphy 1961, pp. 264-265.] 


sense, 


any- 


3.2. Postulate of Measurement and the Concept of 
a Limiting Mean 


A conspicuous characteristic of measurement is 
disagreement of repeated measurements of the same 
quantity. Experience shows that, when high accu- 


racy is sought, repeated measurements of the same 
quantity by a particular measurement process does 
not yield uniformly the same number.’ We explain 
these discordances by saying that the individual 
measurements are affected by errors, which we 
interpret to be the manifestations of variations in 
the execution of the process of measurement resulting 
from “the imperfections of instruments, and of 
organs of sense,” and from the difficulty of achieving 
(or even specifying with a convenient number of 
words) the ideal of perfect control of conditions and 
procedure. 

This ‘“‘cussedness of measurements’ 
to face with a fundamental question: In what sense 
can we say that the measurements yielded by a 
particular measurement process serve to determine 
a unique magnitude, when experience shows that 
repeated measurement of a single quantity by this 
process yields a sequence of nonidentical numbers. 
What is the value thus determined? 

The answer takes the form of a postulate about 
measurement processes that has been expressed by 
N. Ernest Dorsey, as follows: 

‘The mean of a family of measurements 
of measurements for a given quantity 
same apparatus, procedure and observer 
nite value as the number of measurements is indefinitely 
increased. Otherwise, they could not properly be called 
measurements of a given quantity. In the theory of errors, 
this limiting mean is frequently called the ‘true’ value, al- 
though it bears no necessary relation to the true quaesitum, 
to the actual value of the quantity that the observer desires 
to measure. This has often confused the unwary. Let us 


call it the limiting mean.”’ [Dorsey 1944, p. 4; Dorsey and 
Eisenhart 1953, p. 103.) 


’ brings us face 


-of a number 
carried out by the 
approaches a defi- 


In my lectures at the National Bureau of Stand- 
ards, and elsewhere, I have termed this—or rather 
a slightly rephrased version of it—the Postulate of 
Measurement. A mathematical basis for it is pro- 
vided by the Strong Law of Large Numbers, a 
theorem in the mathematical theory of probability 
discovered during the present century. See, for 
example, Feller [1957, pp. 243-245, 374], Gnedenko 
[1962, pp. 241-249], or Parzen (1960, p. 420]. 

Needless to say, by a “family of measurements” 
Dorsey means, not a succession of “‘raw’ readings, 
but rather a succession of adjusted or corrected 
values which, by virtue of adjustment or correction, 
can rightfully be considered to be determinations of 
a single magnitude. 


a. Mathematical Formulation 


The foregoing can be expressed mathematically 
as follows: on some particular occasion, say the ith, 
we may take a number of successive measurements 
of a single quantity by a given measurement process 
under certain specified circumstances. Let 


ity L i2; 


2 pad: (1) 


5 The qualification ‘‘when high accuracy is sought” is essential; for if using an 
ordinary two-pan chemical balance we measure and record the mass of a small 
metallic object only to the nearest gram, then we would expect all of our measure- 
ments to be the same—except in the equivocal case of a mass equal, or very nearl- 
equal, to an odd multiple of 44 g, and such equivocal cases can be resolved easily 
by adding a 44 g mass to one pan. Full accordance of measurements clearly 
cannot be taken as incontestable evidence of high accuracy; but rather should be 
regarded as evidence of limited accuracy, 
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denote the sequence of measurements so generated. | 
Conceptually at least, this sequence could be con- 
tinued indefinitely. Likewise, on different occasions 
we might start a new sequence, using the same 
measurement procedure and applying it to measure- 
ment of the same quantity under the same fixed 
set of circumstances. Each such fresh “start” 
would correspond to a different value of i. If, for 


example, the measurement process concerned is sta- 
tistically stable in the sense of being in a state of 
statistical control as defined by Shewhart [1939], then 
the Strong Law of Large Numbers will be applica- 
ble and we may expect the sequence of cumulative 
arithmetic means on the ith occasion, namely, 


Tin=(2atee +2uq)/n, (N=1, 2,.. .), (2) 
to converge to yw, a number that constitutes the 
limiting mean associated with the quantity meas- 
ured by this measurement process under the cir- 
cumstances concerned, but independent of the ‘‘occa- 
sion,”’ that is, independent of the value of ‘%.”’ 
The Strong Law of Large Numbers does not guar- 
antee that the sequence (2) for a particular value 
of “i’’ will converge to » as the number of observa- 


tions n on this occasion tends to infinity, but sim- | 


ply states that among the family of such sequences 
corresponding to a large number of different starts, 
(Gi=1, 2, .), the instances of nonconvergence to u 
will be rare exceptions. In other words, if the meas- 
urement process with which one is concerned satis- 
fies the conditions for validity of the Strong Law 
of Large Numbers, then in practice one is almost 
certain to be working with a “good’’ sequence—one 
for which (2) would converge to u if the number of 
observations were continued indefinitely—but “bad”’ 
occasions can occur, though rarely. Thus, the Pos- 
tulate of Measurement expresses something better 
than an “‘on-the-average”’ property—it expresses an 
‘“‘in-almost-all-cases’”’ property. Furthermore, this 
limiting mean yu, the value of which each individual 
measurement z is trying to express, can be regarded 
not only as the mean or “center of gravity” of the 
infinite conceptual population of all measurements 
z that might conceivably be generated by the meas- 
urement process concerned under the specified cir- 
cumstances, but also as the value of the quantity 
concerned as determined by this measurement | 
process. 
b. Aim of the Postulate 


The sole aim of the Postulate of Measurement is 
axiomatic acceptance of the existence of a limit ap- 
proached by the arithmetic mean of a finite number 
n of measurements generated by any measurement 
process as 7 It says nothing about how the 
‘“‘best”’ estimate of this limiting mean is to be ob- 
tained from a finite number of such observations. 
The Postulate is an answer to the need of the prac- 
tical man for a justification of his desire to consider 
the sequence of nonidentical numbers that he obtains | 
when he attempts to measure a quantity “by the 
same method under like circumstances” as pertaining 
to a single magnitude, in spite of the evident dis- 


>a, 


cordance of its elements. The Postulate aims to 
satisfy this need by telling him that if he were to 
continue taking more and still more measurements on 
this quantity “by the same method under like cir- 
cumstances” ad infinitum, and were to calculate 
their cumulative arithmetic means at successive 
stages of this undertaking, then he would find that 
the successive terms of this sequence of cumulative 
arithmetic means would settle down to a narrower 
and ever narrower neighborhood of some definite 
number which he could then accept as the value of 
the magnitude that his first few measurements were 
striving to express. 


c. Importance of Limiting Mean 


The concept of a limiting mean associated with the 
measurement of a given quantity by a particular 
measurement process that is in a state of statistical 
control is important because by means of statistical 
methods based on the mathematical theory of prob- 
ability we can make quantitative inferential state- 
ments, with known chances of error, about the magni- 
tude of this limiting mean from a set of measure- 
ments of the given quantity by the measurement 
process concerned. ‘The magnitude of the limiting 
mean associated with the measurement of a given 
quantity by a particular measurement process must 
be carefully distinguished from the true magnitude 
of the quantity measured, about which we may be 
tempted to make similar inferential statements. 
Insofar as we make statistical inferences from a set 
of measurements, we make them with respect to a 
property of the measurement process involved under 
the circumstances concerned. The step from quanti- 
tative inferential statements about the limiting mean 
associated with the measurement of a given quantity 
by a particular measurement process, to quantitative 
statements about the true magnitude of the quantity 
concerned, may be based on subject matter knowl- 
edge and skill, general information and intuition— 
but not on _ statistical methodology. (Compare 
Cochran, Mosteller, and Tukey [1953, pp. 692-693].) 


3.3. Definition of the Error of a Measurement, and 
of the Systematic Error, Precision, and Accuracy 
of a Measurement Process 


a. Error of a Single Measurement or Adjusted Value 


The error of any measurement of a particular 
quantity is, by definition, the difference between the 
measurement concerned and the true value of the 
magnitude of this quantity, taken positive or nega- 
tive accordingly as the measurement is greater or 
less than the true value. In other words, if x denotes 
a single measurement of a quantity, or an adjusted 
value derived from a specific set of individual measure- 
ments, and 7 is the true value of the magnitude of 
the quantity concerned, then, by definition, 


the error of x as a measurement of 7r=z-r. 


The error of any particular measurement or 
justed value, z, is, therefore, a fixed number. 


ad- 


The 
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numerical magnitude and sign of this number will 
ordinarily be unknown and unknowable, because the 
true value of the magnitude of the quantity con 
cerned is ordinarily unknown and unknowable. 
Limits to the error of a single measurement or 
adjusted value may, however, be inferred from (a) 
the precision, and (b) bounds on the systematic 
of the measurement process by which it was 
produced—but not without risk of being incorrect, 
because, quite apart from the inexactness with which 
bounds are commonly placed on the systematic 
error of a measurement process, such limits are 
applicable to the error of a single measurement or 
adjusted value, not as a unique individual outcome, 
but only as a typical case of 


€iTor, 


the errors characteristic 
of measurements of the same quantity that might 
have been, or might be, vielded by the same measure- 
ment process under the same conditions. 


b. Systematic Error of a Measurement Process 


When the limiting mean u associated with measure- 
ment of the magnitude of a quantity by a particular 
measurement process does not agree with the tru 
value r of the magnitude concerned, the measurement 
process is said to have a systematic error, or bias, of 
magnitude p-r. 

The systematic error of a measurement process 
will ordinarily have both constant and variable 
components. Consider, for example, measurement 
of the distance between two points by means of a 
graduated metal tape [Holman 1892, p. 9]. Possible 
causes of systematic error that immediately come to 
mind are 


(1) Mistakes in numbering the scale divisions of 
the tape; 
irregular spacing of the divisions of the tape; 
sag of tape; 
stretch of tape; 
temperature not that 


for which the tape was 
calibrated. 


For any single distance. the effects of (1) and 2) 
will be constant: and the effects of (3) and (4) will 
undoubtedly contain a constant component 
characteristic of the distance concerned. Some of 
these effects will be of one sign, some of the other, and 
their aleebraic sulin will determine the constant error 
of this measurement with respect to the 
particular distance concerned. Furthermore, the 
“constant error’ of this measurement process will 
be different (at least, conceptually different 
distances measured. 

In the case of repeated measurement of a single 
distance, the effect of (5), and at least portions of 
the effects of (3) and (4), may be expected to vary 
from one to the next (e.g., from day to 
day), thus contributing variable components to the 
systematic error of the process. 

A large fraction of the variable contributions of 
(3) and (4) could, and in practice no doubt would, 
be removed by stretching the tape by a spring balance 
or other means so that it is always under the same 
tension. The stretch corresponding to a particular 
distance would then be nearly the same at all times, 


each 


process 


for 


“occasion”’ 


and a fixed correction could be made for most of the 
sag corresponding to this distance. Furthermore, the 
effect of (5) could, and in practice probably would, 
be reduced by determining the temperature of the 
tape at various points along its length and applying a 
temperature correction. By comparison of the te pe 
with a standard, the error arising from (1) could be 
eliminated entirely, and corrections determined as a 
basis for eliminating, or at least, reducing the effect 
of (2). 

As in the foregoing example there are usually 
Un- 
fortunately, there are generally additional sources 
of systematic error, the detection, diagnosis, and 
eradication of which call for much patience and 
acumen on the part The work 


certain obvious sources of systematic error. 


of the observer. 


involved in their detection, diagnosis, and eradica- 
tion often far exceeds that of taking the final 
measurements, and is sometimes discouraging to 


the experienced observer as well as to the beginner. 
Fortunately, there are various statistical tools that 
are helpful in this connection, and Olmstead [1952 
has found that of these the two most effective and 
universally useful are the average (#) and range (/?) 
charts of industrial quality control. (For details 
on the construction and use of Z- and /-charts, 
see, for example, the ASTM Manual on Quality 
Control of Materials [ASTM 1951, pp. 61-63 and 
p. S83]; or American Standards Z1.2-1958 and 
41.3-1958 [ASA 1958b, ASA 1958c].) 
c. Concept cf True Value 

In the foregoing we have defined the error of a 
measurement s to be the difference x-r between the 
measurement and the true value 7 of the magnitude 
of the quantity concerned; and the systematic error, 
or bias, of a measurement process as the difference 
u-r between the limiting mean yu associated with the 
measurement of a particular quantity by the meas- 
urement process concerned, and the true value r of the 
magnitude of this quantity. This immediately 
raises the question: Just how is the “‘true value”’ of 
the magnitude of a particular property of some thing 
defined? In the final analysis, the ‘‘true value” of 
the magnitude of a quantity is defined by agreement 
among experts on an ezemplar method tor the measure- 
ment of its magnitude—it is the limiting mean of a 
conceptual exemplar process that is an ideal realiza- 
tion of the agreed-upon exemplar method. And the 
refinement to which one should go in specifying the 
exemplar process will depend on the purposes for 
which a determination of the magnitude of the quan- 
tity concerned is needed—not just the immediate 
purpose for which measurements are to be taken but 
also the other uses to which these measurements, or a 
final adjusted value derived therefrom, may possibly 
be put. 

Consider, for example, the ‘true value” of the 
length of a particular gage block. In our minds we 
envisage the gage block as a rectangular parallel- 
epiped, and its length is, of course, the distance be- 
tween its two “end” faces. But it is practically 
certain that the particular gage block in question is 
not an exact rectangular parallelepiped; and that 
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its two end faces are not planes, nor even ab- 
solutely smooth surfaces. Shall we define the “true 
length” of this gage block to be the distanc e between 
the “tops” of the highest “mountains” at each end, 
i.e., the distance between the two “outermost points” 
at each -ngt If so, is this distance to be measured 
diagonally, if necessary, or parellel to the “length- 
wise axis”’ = the gage block? If the latter, then we 
have the problem: of how this “length-wise axis” is 
to be defined, especially in the case of a thin gage 
block whose length corresponds to what would 
ordinarily be considered to be its thickness. Or 
shall we be, perhaps, more sophisticated, and 

visage a “mean plane’ at each end, which in general 
will not be parallel to each other, and define the 
length of this gage block to be the distance between 
two particular points on these planes. It we choose 
the ‘outermost points” we again have the problem of 
the direction in which the distance is to be measured. 
Alternatively, we might define the length of this 
gage block to be the distance between two strictly 
parallel and conceptually perfect optical flats “just 
touching” the gage block at each end. If so, then 
is the “true distance’ between these flats defined in 
terms of wavelengths of light via the techniques of 
optical interferometry the “true length” of the gage 
block appropriate to the purposes for which the gage 
block is to be used, namely, to calibrate gages and to 
determine the lengths of other objects by mechanical 
comparisons? F urthermore, it is clear, that the 
intrinsic difficulty of defining the ‘true value”’ of the 
length of «a particular gage block is not eliminated if, 
instead, we undertake to define the ‘“‘true value’”’ of 


the difference in length of two particular gage blocks, 
one of which is a standard, the accepted value of whose 


length is, m microinches exectly, by 
national or international agreement. 

Similar difficulties arise, of course, in the definition 
of the “true value’ of the mass of a mass standard, 
one of which has been resolved by international 
agreement. In defining the ‘“‘true value” of the mass 
of a particular metallic mass standard, shall the mass 
of this particular standard be envisaged as the mass 
of its metallic substance alone, relative to the 
International Prototype Kilogram, or as the mass of 
its metallic substance plus the mass of the air and 
water vapor adsorbed upon its surface under stand- 
ard conditions? The difference amounts to about 
45 wg in the case of a platinum-iridium standard 
kilogram, and becomes critical in the case of 500 
mg standards. The mass of a mass standard is, 
therefore, specified in measurement science to be the 
mass of the metallic substance of the standard plus 
the mass of the average volume of air adsorbed upon 
its surface under standard conditions. Definition of 
the “‘true value” of the mass of a mass standard, and 
a fortiori, of the difference in mass of two mass 
standards is, therefore, a very complex matter. 

W. Edwards Deming uses the expression ‘‘pre- 
ferred procedure” for what we have termed an 
“exemplar method,’ and very sagely remarks that 
“a, preferred procedure is distinguished by the fact 
that it supposedly gives or would give results nearest 
to what are needed for a particular end; and also by 


Say, industry, 


the fact that it is more expensive or more time 
consuming, or even impossible to carry out,’”’ adding 
that ‘“‘as a preferred procedure is always subject to 
modification or obsolescence, we are forced to 
conclude that neither the accuracy nor the bias of any 
proce dure can ever be known in a logical 
[Deming 1950, pp. 15-17.] 

It should be evident from the foregoing that the 
“true value’ of the magnitude of some property of 
a thing or system cannot be defined with complete 
absolute exactitude. 

As Cassius J. Keyser 
certainty is a privilege of uneducated minds—and 
fanatics. It is, for scientific folk, an unattainable 
ideal.”’ [Keyser 1922, p. 120.] The degree of refine- 
ment to which one will, or ought, to go in a particular 
instance will depend on the uses for which knowledge 
of the magnitude of the property concerned is needed. 
The “true value” of the length of a piece of cloth in 
everyday commerce is certainly a fuzzy concept. 
“Certainly we are not going to specify that the 
cloth shall be measured while suspended horizon- 
tally under a tension of x pounds, at an ambient 
temperature of y degrees and a relative humidity of 
2 percent” [Simon 1946, p. 654]. On the other hand, 
a moderate degree of refinement is necessary in 
defining the “true length” and ‘‘true width” of the 
recessed area in a window sash to which a pane of 
glass is to be fitted. Considerably greater refinement 
is needed in the definition of the “true value” of the 
length of a gage block, of the mass of a mass standard 
or of the freque ney of a frequency standard—and in 
the last mentioned case there is not today, I under- 
stand, complete agreement among experts on the 
matter 

Indeed, as is evident from the foregoing, the ‘‘true 
value” of the magnitude of a particular quantity is 
intimately linked to the purposes for which a value 
of the magnitude of this quantity is needed, and its 
“true value”’’ cannot, in the final analysis, be defined 
meaningfully and usefully in isolation from these 
needs. Therefore, as this fact becomes more widely 
recognized in science and engineering, I hope that 
the traditional term ‘“‘true value” will be discarded 
in measurement theory and practice, and replaced 
by some more appropriate term such as “target 
value” ® that conveys the idea of being the value 
that one would like to obtain for the purpose in 
hand, without any implication that it is some sort 
of permanent constant preexisting and transcending 
any use that we may have for it. I have retained 
the traditional expression ‘‘true value” in the sequel 
because of its greater familiarity, but shall always 
mean by it the ‘relevant “target value.” 

“We admit the existence of s systematic error—of a difference between the 
nae measured (the measured quantity) and the quantity of interest (the 
target quantity). We ask the observations about the measured quantity. We 
ask our subject matter knowledge, intuition, and general information about the 


relation between the measured quantity and the target quantity.”’ 
et al. 1954, p. 33.] 


SESE. 


‘Absolute 


has remarked, 


{[Cochran, 


, although others excoriate 
it as uniiiaieisieas ‘ally ansound. 

“We could also call the reference level a ‘target value’. In a way this is a 
bad term because it implies that it is something we want to find through the 
measurement process rather than something we ought to find because, like Mt. 
Everest, it is there. Unfortunately our desires can influence our notion of what 
is true, and we can even unconsciously bring the latter into agreement with the 
former; my use of the term ‘target value’ is not meant to imply that I think it 
legitimate to equate what we would like to see with what is there.’ [Murphy 
1961, p. 265.] 
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d. Concepts of the Precision and Accuracy of a Measurement | 
Process 


By the precision of a measurement process we 
mean the degree of mutual agreement characteristic 
of independent measurements of a single quantity 
vielded by repeated applications of the process under 
specified conditions; and by its accuracy the degree 
of agreement of such measurements with the true 
value of the magnitude of the quantity concerned. 
In other words, the accuracy of a measurement proc- 
refers to, and is determined by the degree of 
conformity to the truth that is characteristic of inde- 
pendent measurements of a single quantity produced 
(or producible) by the repeated applications of the 
process under specified conditions; whereas its preci- 
sion refers solely to, and is determined solely by the 
degree of conformity to each other characteristic of 
such measurements, irrespective of whether they 
tend to be close or far from the truth. Thus, aceu- 
racy has to do with closeness to the truth: precision, 
only with closeness together 

This distinction 
terms “accuracy” 


ess 


between the meanings of the 
and ‘precision’? as applied to 
measurement processes and measuring instruments 
is consistent with the etymological roots of these 
words. ‘“‘Etymologically the term ‘accurate’ has 
a Latin origin meaning ‘to take pains with’ and refers 
to the care bestowed upon a human effort to make 
such effort what it ought to be, and ‘accuracy’ in 
common dictionary parlance implies freedom from 
mistakes or exact conformity to truth. ‘Precise,’ on 
the other hand, has its origin in a term meaning 
‘cutoff, brief, concise’; and ‘precision’ is supposed 
to imply the property of determinate limitations 
or being exactly and sharply defined.” [Shewhart 
1939, p. 124.] Thus one can properly speak of a 
national, state, or local law as being “‘precise,’’ but 
not being “accurate’—to what truth can it 
conform? On the other hand, if one spoke of a 
particular translation being ‘accurate’ this 
would imply a high degree of fidelity to the original 
“attained by the exercise of care.’”’ Whereas, to 
speak of it as being ‘‘precise,’’ would imply merely 
that it is unambiguous, without indicating whether 
it is or is not correct.’ 

In spite of the distinct difference between the 
etymological meanings of the terms “accuracy” 
and “‘precision,’’ they are treated as synonyms in 
many standard dictionaries; and Merriam-Webster 
[1942], after drawing the helpful distinctions quoted 
in the foregoing footnote, promptly topples the 
structure so carefully built by adding “scrupulous 
exactness”’ as an alternative meaning of ‘‘precise.”’ 
Consequently it is not surprising that “There are 
probably few words as loosely used by scientists 
as precision and accuracy.—It is not unusual to 
find them used interchangeably in scientific writ- 
ings.”’ [Schrock 1950, p. 10.] 
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On the other hand, as Shewhart has remarked: 


“Careful writers in the theory of errors, of course, have 
always insisted that accuracy involves in some way or other 
the difference between what is observed and what is true, 
whereas precision involves the concept of reproducibility of 
what is observed. Thus Laws, writing on electrical measure- 
ments, ’ ‘Every experimenter must form his own 
estimate of the accuracy, or approach to the absolute truth 
obtained by the use of his instruments and processes of 
measurement. He must remember that a high precision, 
or agreement of the results among themselves, is no indication 
that the quantity under measurement has been accurately 
determined.’ As another example we may take the following 
comment from a recent and authoritative treatise on chemical 
analysis: * ‘The analyst should form the habit of estimating 
the probable accuracy of his work. It is a common mistake 
to confuse accuracy and precision Accuracy is a measure 
of the degree of correctness. Precision is a measure of 
reproducibility in the hands of a given operator.’ ’’ [Shewhart 
1939, pp. 124-125.] 
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More recently, Lundell, Hoffman, and their associates 
at the National Bureau of Standards have re- 
emphasized the importance of the distinction between 
“precision” and “accuracy”: 


“In discussions of chemical analysis, the terms precision 
and accuracy are often used interchangeably and therefore 
incorrectly, for precision is a measure of reproducibility, 
whereas accuracy is a measure of correctness. The analyst 
is vitally interested in both, for his results must be sufficiently 
accurate for the purpose in mind, and he cannot achieve 
accuracy without precision, especially since his reported 
result is often based on one determination and rarely on more 
than three determinations. The recipient of the analysis 
is interested in accuracy alone, and only in accuracy suffi- 
cient for his purposes.”’ [Hillebrand et al., 1953, p. 3.] 


It is most unfortunate that in everyday parlance 
we often speak of “accuracy and precision,”’ because 
accuracy requires precision, but precision does not 
necessarily imply accuracy. 


“Tt is, in fact, interesting to compare the measurement 
situation with that of a marksman aiming at a target. We 
would call him a precise marksman if, in firing a sequence of 
rounds, he were able to place all his shots in a rather small 
circle on the target. Any other rifleman unable to group his 
in such a small circle would naturally be regarded as 
less precise. Most people would accept this characteriza- 
tion whether either rifleman hits the bull’s-eye or not. 

“Surely all would agree that if our man hits or nearly 
hits the bull’s-eye on all occasions, he should be called an 
accurate marksman. Unhappily, he may be a very precise 
marksman, but if his rifle is out of adjustment, perhaps the 
small circle of shots is centered at a point some distance from 
the bull’s-eye. In that case we might regard him as an in- 
accurate marksman. Perhaps we should say that he is a 
potentially accurate marksman firing with a faulty rifle, 
but speaking categorically, we should have to say that the 
results were inaccurate.” [Murphy 1961, p. 265.] 


shots 


It follows from what has been said thus far that 
“if the precisions of two processes are the same but 
the biases are different, the process of smaller bias 
may be said to have higher accuracy while if the 
biases are both negligible, the process of higher pre- 
cision may be said to have higher accuracy.” Un- 


fortunately, ‘in other cases such a simple comparison 
may be impossible.” [ASTM 1961, p. 1760.] 


§ Frank A. Laws, Electrical Measurements, p 
N.Y., 1917). 

*G. E. F. Lundell and J. 1. Hoffman, Outlines of Methods of Chemical 
Analysis, p. 220 (John Wiley and Sons, New York, N.Y., 1938). 
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l'o fully appreciate the preceding statement—and 
especially the difficulty of comparing accuracies 
in some cases—let us consider figures 1 and 2, in 
which the origins of the scales correspond to the 
true value of 7 of the quantity measured, so that 
the curves shown may be regarded as depicting the 
distributions of errors of the measurements yielded 
by a selection of different measurement processes. 
Consider first the three symmetrical distributions 
in the top half of figure 1. All three of these dis- 
tributions are centered on zero, so that these meas- 
urement processes have no bias. It is evident 
that the process of highest precision, c, is also the 
process of highest accuracy; and that the process of 
least precision, a, is also the process of least accuracy. 
Since curve 6 in the upper half of figure 1 and curve 
d in the lower half have identical size and shape, 
the corresponding processes have the same precision; 
but process 6 is without bias, whereas process d 
has a positive bias of two units, so that process b 
is clearly the more accurate. (In particular we may 
note that whereas it is practically certain that 


process 6 will not yield a measurement deviating 
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Figure 1. Distributions of errors of some biased and unbiased 
measurement processes of various precisions. 


from the truth by more than two units, exactly 
one-half of the measurements yielded by process d 
will deviate from the truth by this much or more.) 
Similar remarks clearly apply to processes ¢ and ¢ 
corresponding to curve c in the upper half and curve 
e in the lower half of figure 1, but in this instance the 
superiority of process c relative to process ¢ with 
respect to accuracy is even more marked. (In 
particular, we may note that whereas it is practically 
certain that no measurement yielded by process c 
will deviate from the truth by as much as one unit, 
it is practically certain that every measurement 
yielded by process e will deviate from the truth by 
more than one unit.) 

Figure 2, which is essentially the same as one given 
by General Simon [1946, fig. 1], portrays three meas- 
urement processes A, B, and C, differing from each 
other with respect to both precision and _ bias. 
Comparison of these three processes with respect to 
accuracy is not quite so simple. First, it is evident 
that, although process A has greater precision than 
process 6, process B is the more accurate of the two. 
(In particular, it is practically certain that none of 
the measurements yielded by process B will deviate 
from the truth by more than 4 units, whereas 50 
percent of the measurements from process A will 
deviate from the truth by four units or more.) 
Next, is process B more (or less) accurate than process 
C which is unbiased, but has a very low precision? 
Process B has a positive bias of two units, but has 
sufficiently greater precision than process C to also 
have greater accuracy than process C. (While 
approximately 50 percent of the measurements 



































Figure 2. Three measurement processes differing from each 
other with respect to both precision and accuracy. 
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vielded by process C will deviate from the truth by 
more than two units (in either direction), and ex- 
actly 50 percent of the measurements yielded by 
process B will deviate from the truth by two units 
or more (in the positive direction only), it cannot 
be ignored that about 10 percent of the measure- 
ments vielded by process C will deviate from the 
truth by four units or more whereas it is practically 
certain that no measurement yielded by process B 
will deviate from the truth by as much as four units.) 
Similarly, it may be argued that process A, in spite 
of its bias, has greater accuracy than 
“since the range in measurements of C more than 
covers the corresponding ranges of A or B.”’ [Simon 
1946, p. 654.) While this conclusion that of the 
three measurement processes depicted in figures 2, 
process C has the least accuracy, may not be entirely 
acceptable to some persons, it is consistent with 
dictum, in a letter to F. W. Bessel, to the 
effect that maximizing the probability of a zero error 
important than minimizing the ‘“average”’ 
injurious effects of errors in general. [C. F. Gauss, 
9, pp. 146-147.] 

Before leaving figure 2, we must not fail to join 
General Simon in remarking that ‘‘the average of a 
large number of measurements from [process] C will 
be more accurate than a similar average from either 
A or B” {Simon 1946, p. 654]. This point is actually 
illustrated in our figure 1: the three curves in the top 
half of figure 1 portray the distributions of errors of 
measurements (curve a) of averages of 12 
measurements (curve b) and averages of 14 LA measure- 
ments (curve c) from process C; and curves d and « 
errors of 
(curve d), and of averages 
(curve e) from process B, 
respectively. It is evident that ave rages of 12 
measurements from process C (curve 6 in upper 
portion of fig. 1) have not only greater accuracy than 
individual measurements from process B (curve d in 
lower portion of the figure), but also greater accuracy 
than averages of 12 measurements from process B 
(curve é€ in lower portion 

On the other hand, it is obvious that, 


Gauss’ 


is less 


single 


in the lower half show the distributions of 


individual measurements 
of 12 measurements 


if our choice 


between individual measurements from process C 


curve @a and averages Oo} 12 measurements from 
process B (curve e), the latter will clearly provide 
greater accuracy. In brief, a proce dure with a small 
bias and a high precision can be more accurate than an 
unbiased presethere of low prec ision. It is imports ant 
to realize this, for in practical life it is often far better 
to always be quite close to the true value than to 
deviate all over the place in individual cases but 
strictly correct ‘‘on the average,” like the duck 
hunter who put one swarm of shot ahead of the duck, 
and one swarm behind, lost his quarry, but had the 
dubious satisfaction of knowing that in theory he 
had hit it “‘on the average.’’ This we must remember: 
in practical life we rarely make a very large number 
of measurements of a given type—we can’t wait to 
be right on the average—our measurements must 
stand up in individual cases as often as possible. 
Despite the foregoing, freedom from bias, that is, 
freedom from “large’’ bias, is a desirable character- 


process ( 


istic of a measurement After all we want 
our measurements to yield us a determination that 
we can use as a substitute for the unknown value of a 
particular magnitude whose value we need for some 
purpose—we don’t want a determination of the 
value of some other magnitude whose relation to the 
one we need is indefinitely known. 

In view of the difficulty of comparing with respect 
to accuracy measurement processes that differ both 
in bias and precision, some writers have elected to 
take the easy way out by defining “accuracy” to be 
equivalent to absence of bias, saying that of two 
measurement processes having different biases, the 
process of smaller bias is the more “accurate’’ 
regardless of the relation of their respective precisions. 
(See, for example, Beers [1953, p. 4], Ostle [1954, p. 4], 
and Schenck [1961, p. 4, p. 14].) While the adoption 
of this concept of ‘‘accuracy” certainly makes the 
discussion of “accuracy”’ and “‘precision”’ simpler for 
the authors concerned, this practice is contrary to 
the principle of ‘‘conservation of linguistic resources,”’ 
as R. B. Murphy puts it, adding: “It seems to me 
that the terms ‘bias’ and ‘systematic error’ are 
adequate to cover the situation with which they are 
concerned. If, nevertheless, we add the term 
‘accuracy’ to apply again in this restricted sense, 
we are left wordless—at the moment at least—-when 
it comes to the idea of over-all error. From the 
point of view of the need for a term it is hard to 
defend the view that accuracy should concern itself 
solely with bias. land] there is overwhelming 
evidence that we need a term at least for the concept 
of over-all error.” [Murphy 1961, pp. 265-266.] 


proc ess. 


3.4. Mathematical Specification of the Precision of 
a Measurement Process 


a. Simple Statistical Control 


Let us now consider the mathematical definition 
of the precision of a measurement process under a 
fixed set of circumstances. By definition, the pre- 
cision of a measurement process has to do with the 
together” that is typical of successive 
measurements of a single quantity generated by 
applications of the process under these fixed condi- 
tions. Otherwise expressed, it has to do with the 
typical ‘‘closeness together’ of the two individual 
measurements constituting an arbitrary pair. If the 
expression ‘“‘typical together’”’ is to be 
meaningful, the measurements generated by re gery 
application of the process to the measurement of ¢ 
single quantity must be homogeneous in some sense. 
Therefore, for the moment, let us assume that the 
measurement process is in a state of simple statistical 
control, so that the successive measuremets in each 
of the sequences (1), ((@=1, 2, 3,. . .), generated by 
the process may all be regarded as ‘‘observed”’ values 
of independent identically distributed random variables. 

Just as we may regard each individual measure- 
ment 2z,;; in a particular sequence (1) as striving to 
express the value of the limiting mean y, so also we 
may regard each individual difference Lis —Tir, 7#k, 
as striving to express the characteristic spread 
between an arbitrary pair of measurements, zx’ and 


: ‘closeness 


‘close ‘ness 
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z’’, say. For this purpose the signs of these differ- 
ences are clearly irrelevant. Therefore, by analogy 
with our use of a sequence of cumulative arithmetic 
means, (2), to achieve a mathematical formulation 
of the concept of a limiting mean associated with 
measurement of a given quantity by a particular 
measurement process, let us adopt the sequence of 
cumulative arithmetic means of the squares of the 
n(n—1)/2 distinct differences the first m 
measurements of a particular sequence (1), for 
example, the sequence 


among 
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as the basis of a mathematical formulation of the 
concept of the precision of a measurement process. 

The necessary and sufficient condition for almost 
sure convergence of the sequence (3) to a finite limit, 
say A’, is that the Strong Law of Large Numbers be 
applicable to the sequence. 


Bis OE atin Mae « ws (4) 


consisting of the squares of the corresponding terms 
of the original sequence (1). (Boundedness of the 
z’s in addition to statistical control is, for example, 
sufficient to ensure that the sequence (4) will also 
obey the Strong Law of Large Numbers.) If the 
Strong Law of Large Numbers is applicable to the 
sequence of squares (4), and if the measurement 
process is in a state of simple statistical control, 
then the cumulative arithmetic means of the squares 
of the measurements, that is, the sequence 


— P (5) 


will almost surely tend to a limit, say S, the magni- 
tude of which will depend on the quantity measured, 
the measurement process involved, but not on the 
“occasion” (identified by the subseript ‘“7”’). By 
virtue of an algebraic identity that is well known 
to students of mathematical inequalities, namely, 


(n>2) (6) 


and the fact that the right-hand side of (6) is 
always positive except when the a’s are all equal, 
it is easily on dividing both sides of (6) by 
n®, that S will always exceed yz’, the square of the 
(almost sure) limit of the sequence (2), so that we 
may write S=y’?+o’, with o?>0. Furthermore, 
applying the algebraic identity (6) in reverse to 
the right-hand side of (3) yields the following rela- 
tionship between the corresponding terms ‘of se- 
quences (3), (5), and 
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seen, 


(n> 2). 
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Hence, if a measurement process is in a state of 
simple statistical control and the Strong Law of 
Large Numbers is applicable to a sequence of squared 
measurements (4), then the sequence (d?) 
by (3), will, in view of (7), tend almost surely to a 
finite limit A?=20?. Thus we see that o*, termed 
ihe variance of the measurement process, is the mean 
value of one-half of the squared difference between 
two arbitrary measurements 2’ and 2’’, that is, 


ns defined 


and provides an indication of the imprecision of the 
process. The square root of the variance, o, is 
termed the standard deviation of the process. 

It is natural, therefore, on the basis of single 
sequence of n measurements of a single quantity, 
to take 


n n 


l 
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as the sample estimate of the underlying 
o*; and the square root, s, as the sample 
of o."° S 

From (9), since =z, tends (almost surely) to yu 
it is evident that o* is also the mean value of the 
squared deviations of individual measurements from 
the limiting mean uw of the process, that is o° 
(r—p)*, so that the standard deviation ¢ may be 
regarded, in the language of mechanics, as the 
radius of gyration of the distribution of all possible 
measurements z about yu, the limiting mean of the 
process. 

Remark: Mathematically the foregoing discussion 
can be carried out equally well in terms of the 
absolute (unsigned) values of the differences instead 
of in terms of their squares. Such an approach is, 
mathematically speaking, somewhat more general 
in that it requires for its validity merely that the 
Strong Law of Large Numbers be applicable to the 
sequence |x q/, |x; ij|; of absolute values 
of the 2; rather than to the sequence (4) of their 
squares. From the practical viewpoint, however, 
this greater generality is entirely illusory, and the 
mathematics of absolute values of variables is 
always more cumbersome than the mathematics of 
their squares. For example, the arithmetic mean 
of the absolute values of the n(n—1)/2 distinet 
differences among n measurements, i.e 


variance 
estimate 


lnj—ay (10) 
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10 From the alzebraic identity (6), it is evident that the practice in some circles 


n 


of dividing > (z—z)? by n, instead of n—1, amounts to including each of the 
j=1 

distinct squared differences (zj—2%)?, j#k, twice in the summation, together with 
n identically zero terms (1;—-2%)?, j=k, each included once, and then dividing by 
n2, the total number of terms (real and phantom) involved. Viewed in this 
light it would seem that division by n—1 is more reasonable, in that the inclusion 
of identically zero terms in the formulation of a measure of variation is a bit un- 
reasonable. 
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is not expressible as a multiple of the sum of the 
absolute deviations of the measurements from their 
mean, >>Sj\r,—z|, and for large values of n_ the 
evaluation of (10) presents computational difficulties. 
The approach in terms of the absolute values of 
the differences also has the disadvantage from the 
practical viewpoint that, as we shall see in a moment, 
components of imprecision are additive in terms of 
squared quantities such as o*, so that in this sense 
the variance o? is a more appropriate measure of the 
dispersion of the z’s about their limiting mean 4 
than is o itself. 

Ordinarily, the magnitude of o? (and, hence, of o), 
unlike that of «4, depends only on the measurement 
process concerned and the circumstances under 
which it is applied, and not also on the magnitude 
of the quantity measured—otherwise we could not 
speak of a measurement process having @ variance, 
or a standard deviation. 
the the obviously 
decreases as the value of o (or, of o*) increases, and 
vice versa, it is necessary to take some inverse func- 
tion of co as a measure of the precision of process. 
To conform with traditional usage it is necessary 
to regard the precision of a measurement process as 
inversely proportional to its standard deviation o 


Since precision of process 


which is, therefore, a measure of the imprecision of 
Thus, Gauss, writing in 1809, remarked 
that his constant h l a,2 could properly be con- 
sidered to be a measure of the precision of the 
observations because if, for example h’=2h, that is, 
if o’=40, then ‘‘a double error can be committed 
in the former system with the same facility as a 
single error in the latter, in which case, according 
to the common way of speaking, a double degree of 
precision is attributed to the latter observations.” " 
The fact of the matter is, however, that: 


the process. 


different fields have particularly favorite ways 
of « xpre ssing precision Most of these measures are multiples 
of the standard deviation; it is not always clear which multi- 
ple is meant. ‘ 
consider it unfortunate that precision should be 
stated as a multiple of standard deviation, since precision 
should increase as standard deviation decreases. Indeed, 
it would be more exact to say that standard deviation is a 
measure of imprecision. However, sensitivity, as we have 
previously indicated, suffers from this logical inversion 
without hurt. Perhaps we can best avoid this by saying 
that standard deviation is an index of precision. The habit 
of saying ‘The precision is...’ is deeply rooted, and 
there would be understandable impatience with the notion 
that standard deviation should be numerically inverted 
before being quoted in a statement of precision.””’ [Murphy 
1961, pp. 266—267.] 


“Some 


In consequence the ASTM has, at least tentatively, 
taken the following position: 


“The numerical value of any commonly used index of 
precision will be smaller the more closely bunched are the 
individual measurements of a process. As more causes are 
added to the system, the greater the numerical value of 
the index of precision will ordinarily become. If the same 
index of precision is used on two different processes based 


1“*Ceterum constans h tamquam mensura praecisionis observationum con- 
siderari poterit . Quodsi igitur e.g ‘=2h, aeque facile in systemate priori 
error duplex committi poterit, ac simplex in posteriori, in quo casu observationi 
ibus posterioribus secundum vulgarem juendi morem praecisio duplex tri- 
buitur.”’ [Gauss 1809, Art. 178; 1871, p. 233; English translation, 1857, pp. 259-260.) 


on the same method or intended to measure the same physical 
property, the process that has the smaller value of the index 
of precision is said to have higher precision. Thus, although 
the more usual indexes of precision are really direct measures 
of imprecision, this inversion of reference has been firmly 
established by custom. The value of the selected index of 
precision of a process is referred to simply as its precision or 
its stated precision.”” [ASTM 1961, p. 1759.] 

As we have remarked previously, in practical work 
the end result of measuring some quantity or cali- 
brating an instrument for a standard rarely consists 
of a single measurement of the quantity of interest. 
More often it is some kind of average or adjusted 
value, for example, the arithmetic mean of a number 
of independent measurements of the quantity of 
interest. Let us, therefore, consider the statistical 
properties of a sequence of arithmetic means of 
successive nonoverlapping groups of n measurements 
each from a sequence (1) of individual measurements 
vielded by a measurement process on a particular 
occasion. In other words, let us consider the 
sequence 


(11) 
of distinct arithmetic means of n measurements each 


mn 


S Lea, 2 et (12) 
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derived from a sequence (1) of individual measure- 
ments of a single quantity produced, or at least 
conceptually producible, by the measurement process 
concerned on, say, the ith occasion. If the ‘‘under- 
lying measurement process” giving rise to the indi- 
vidual measurements z,,; is in a state of simple 
statistical control, then the ‘‘extended measurement 
process” giving rise to the averages Z,,, will also be 
in a state of simple statistical control. Conse- 
quently, the mathematical analysis of section 3.2, 
but with the averages Z;,,, in place of the individual 
measurements z,;, will carry through without other 
change. Let yz denote the limiting mean thus 
associated with the “extended measurement process” 
giving rise to the averages Z;,, as its ‘“individual”’ 
measurements. Since the cumulative arithmetic 
mean of the first m terms of the sequence (11) is 
the same as the cumulative arithmetic mean of the 
first mn terms of the sequence (1) of individual 
measurements, it is clear that the limiting mean 
ux associated with the sequence of averages (11) is 
the same as the limiting mean associated with the 
original sequence (1) of individual measurements, 
that is, 


Moir. (13) 

Similarly, the mathematical analysis at the 
beginning of the present section, but with the in- 
dividual measurements z;,; in (3) thru (9), replaced 
by the averages Z,,,, carries through essentially as 
before. Let o2 denote the variance thus associated 


with the ‘extended measurement process’ 


giving 
rise to the sequence of averages (11). As in the 
case of the variance o? of individual measurements, 


176 





so also may o: be interpreted as the overall mean 
value of the squared deviation of “individual’’ 
averages & from the limiting mean yu. of the “ex- 


tended process,” that is, 





o 


(16) 
it 


(The mean value of a sum is always the sum of the 
mean values of its individual terms, so that the 
overall mean value of the first summation inside the 
brackets in the last line of (15) is simply no?. Fur- 
thermore, in the independent identically 
distributed measurements, the overall mean value 
of the term involving the double summation is 0.) 

Since, from (16), o¢=o/Vn, it is seen that the 
precision of the arithmetic mean of n independent 
measurements is proportional to yn. Hence the 
arithmetic mean of 4 independent measurements 
has double the precision of a single measurement; 
the mean of 9 independent measurements, thrice the 
precision of a single measurement; and 144 inde- 
pendent measurements will be required if their 
arithmetic mean is to have a 12-fold increase in 
precision over a single measurement. (But to ask 
for a 12-fold increase in precision is to ask for a very 
considerable improvement indeed, as can be seen 
from a comparison of curves a and ¢ in the top half 
of fig. 1.) 

To serve as a reminder of the distinction between 
the standard deviation of an individual measurement 
and the standard deviation of a mean #, it is cus- 
tomary to refer to o as the “standard deviation” of 
a single measurement zs, and to os as the “standard 
error” of the (arithmetic) mean 7. 


case of 


sé 


b. Within-Occasiocns Control 


In the foregoing it has been assumed that the 
individual measurements comprising the sequences 
(1) corresponding to the respective 
(i=1,2,.. .), could all be regarded as ‘observed 
values” of independent identically distributed ran- 
dom variables, that is, that the measurement process 
concerned was in a state of simple statistical control. 
When such is the case then any subset of n measure- 
ments is strictly comparable to any other subset of 
nm Measurements, and any two such subsets can be 
combined and regarded validly as a single set of 2n 


“occasions,” 


measurements. Unfortunately, as Student’s com- 
ment quoted on page 167 above clearly implies, 
such complete homogeneity of measurement is rarely 
if ever met in practice. More often the situation is 
as described by Sir George Biddell Airy, British 
Astronomer Royal 1835-1881, in (to my knowledge) 
the first elementary book on the theory of errors and 
combination of observations in the English language 
[Airy 1861, p. 92]: 

‘“‘When successive series of observations are made, day 
after day, of the same measurable quantity, which is either 
invariable . . . or admits of being reduced by calculation to 
an invariable quantity ; and when every known instru- 
mental correction has been applied . ; still it will sometimes 
be found that the result obtained on one day differs from the 
result obtained on another day by a larger quantity than 
could have been anticipated. The idea then presents itself, 
that possibly there has been on some one day, or on every 
day, some cause, special to the day, which has produced a 
Constant Error in the measures of that day.” 

Sir George, however, cautions against jumping to 
conclusions on the basis of only a few observations: 

‘The existence of a daily constant error . . . ought not 
to be lightly assumed. When observations are made on 
only two or three days, and the number of observations on 
each day is not extremely great, the mere fact, of accordance 
on each day and discordance from day to day, is not sufficient 
to prove a constant error. [And we should interject here 
that under such circumstances apparent over-all accordance 
is not sufficient to prove the absence of daily constant errors 
cither.] The existence of an accordance analogous to a 
‘round of luck’ in ordinary changes is sufficiently probable. .. . 
More extensive experience, however, may give greater confi- 
dence to the assumption of constant errors . first, it ought, 
in general to be established that there is possibility of error, 
constant on one day but varying from day to day. 

[Airy 1861, p. 93.] 

The most useful statistical tools for this purpose 
are the control-chart techniques of the industrial 
quality control engineer. If such a situation, a 
series of measurements obtained by measurement of 
a single quantity a number of times on each of sev- 
eral different days or “occasions” by a particular 
measurement process is plotted in the form of a 
control chart for individuals [ASTM 1951, pp. 76-78, 
and pp. 101, 105], the individual measurements so 
plotted will be seen to consist of “sections” identi- 
fiable with the subsequences (1) corresponding to the 
respective ‘occasions,’ (i=1, 2,3, .. .), with the 
measurements within sections pair-wise closer to- 
gether on the average than two measurements one 
of which comes from one section and the other from 
another. Such a series of measurements is clearly 
“out of control.’’ If now parallel Z7- and R-charts 
are constructed from these data, based on a series of 
samples of equal size from within the respective ‘‘oc- 
casions”’ or “‘sections’”’ only, i.e., excluding means 
Z and ranges R of any samples that “straddle” two 
occasions, and the points on the resulting z-chart 
are clearly “out of control,” then we may infer the 
existence of day-by-day components of error, con- 
stant, perhaps, on one day, but varying from day 
to day. 

If points on the P-chart constructed as described 
are “out of control’? also, then the measurement 
operation concerned is in a completely unstable con- 
dition and cannot be described validly as a “‘measure- 
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ment process” at all. On the 
z-chart is ‘out of control,” but the R-chart is “in 
control,” then we may regard the measurement 
process as being in a state of within-occasions control. 
(“It is usually not safe to conclude that a state of 
control exists unless the plotted points for at least 
25 successive subgroups fall within the 3-sigma con- 
trol limits. In addition, if not more than 1 out of 
35 successive points, or not more than 2 out of 100, 
fall outside the 3-sigma control limits, a state of 
control may ordinarily be assumed to exist.”” [ASA 
1958¢c, p. 18.]) In such a situation we postulate the 
existence of (at least, conceptually) diffe rent limiting 
means u,; for the respec tive ‘“‘oceasions’”’ (i=1, 2, . .), 
and a common within-occasions variance o%,. 

An unbiased estimate of the within-occasions stand- 
ard deviation o can be obtained, if desired, from the 


constructing the P-chart, 


other hand, if the 


average range 7? used 
by means of the formula 
unbiased estimate of ¢,,—R/d>2 (17) 

where d, is the factor given in the d, column of table 
B2 of [ASTM 1951, p. 115] corresponding to the 
sample or subgroup size n used in constructing the 
R-chart. 

Alternatively, if desired, an unbiased estimate of 
a2, can be obtained directly from the measurements 
involved by means of the formula 


2 2 @ 
. » l 
unbiased estimate of o? 


k(n—1) 


where z,; denotes the jth measurement and 7%, the 
arithmetic mean of the nm measurements of the Ath 
subgroup, respectively, and & is the number of sub- 
groups involved in constructing the ?-chart. 


c. Complex or Multistage Control 


When a measurement process is not in a state of 
simple statistical control that satisfies the criteria of 
within-occasions control, that is, when the Z-chart 

(and control chart for individuals) are clearly “out 
of control,” but the 25 or more subgroup ranges 
plotted on the R-chart exhibit control, then it is usu- 
ally of importance to ascertain whether the meas- 
urement process concerned is possibly in a state of 
comple ror multistage statistical control. For this 
purpose four or more measurements from each of at 
least 25 different occasions will be needed. Taking 
one sample of n measurements, (4<n< 
10), from the available measurements corresponding 
to each of, savy, k(>25 
uate the arithmetic 


G=1,2 , k), 


successive 


different ‘‘occasions,”’ eval- 
means Z, of these samples, 
and treating these averages as IN- 
DIVIDUAL measurements construct a control chart 
for these “individuals” and parallel 7- and R-charts 
as described in [ASTM 1951, Example 22, p. 101]. 
If the points plotted on these three control charts 


exhibit control, then we “act for the present as if” 


the measurement process concerned is in a state of 
comple rorm ultistage statistical control and regard the 
limiting means yw; for the respective ‘occasions,”’ 
(i=1,2,...)as being in a state of simple statistic val 
control with a limiting mean uw and variance oa}, 
termed the between-occasions component of variance. 
If in such a situation we were to form cumulative 
arithmetic means such as (3) of the squares of all 
distinct differences between arbitrary pairs of meas- 
urements from within each of the respective ‘‘occa- 
sions,’ then such cumulative arithmetic means of 
squares of differences would almost surely tend to 
20%, in the limit as the number of pairs included tends 
to infinity, where o%, is the “‘within-occasions vari- 
ance’? mentioned above in connection with ‘“within- 
occasions control.’’ If, on the other hand we were 
to form similar cumulative arithmetic means of the 
squares of differences between arbitrary pairs con- 
sisting in each instance of one measurement from 
each of two different sections, then such a cumula- 
tive arithmetic mean of squared differences would 
tend almost certainly to 2(0%,+ 0%) as the number 
of “occasions” sampled tends to infinity, where of is 
the above mentioned ‘‘between-occasions variance,’ 
i.e., the variance of the limiting means yu, for the 
respective “occasions” about their limiting mean ug. 
If in utilizing measurements from a measurement 
process that is in such a state of complex statistical 
control, one forms an average Zy that is the arith- 
metic mean of a total of N=kn measurements, com- 
posed of n measurements from each of k different 
“occasions,” then the variance of 7y will be 


(19) 


From (19) it is clear that, if o? is at all sizable com- 
pared to o%, then, for fixed N=kn, Ty will have 
greater precision as a determination of » when based 
on a large number k of different occasions, with only 
a small number n of measurements from each occa- 
sion. Finally, setting k=1, we see that the mean 
7T,, of n measurements ; all taken on the same occasion 
rons’ determination of the overall limiting 
but 
considered as a determination of [his the limiting mean 
for the ith occasion, its variance is only o%,/n. In 
other words, the “standard error’ of a mean such 
is not unique, but depends on the purpose for 
which it is to be used. 

“An unbiased estimate of the 
deviation o;, of the arithmetic 


conside re d 


mean w has an overall variance o°=0)+- (o%/n) 


as 7 


standard 
measure- 


overall 
mean of n 
ments taken on a single “occasion” may be ob- 
tained by the procedure of formula (17) above, if 
desired, using the average range R employed in con- 
structing the ?-chart corresponding to the groups of 
averages TF jp. 

Alternatively, an unbiased estimate of the overall 
variance o2 can be obtained directly from the means 
7, used in 7-chart, by using the 
formula 


constructing the 
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(20) 


where Z, is the arithmetic mean of the n successive 
observations from the ith “occasion,” (i=1,2,..., k) 
and 7 is the arithmetic mean of these k means. 

The foregoing concept of a state of complex or 
multistage statistical control can be extended readily 
to more complex truly “multistage’”’ situations in- 
volving three or more “‘levels’’ of random variation. 

Finally, it is evident from the foregoing that when 
& measurement process is in a state of complex or 
multistage statistical control, then the difference be- 
tween two individual measurements (or the arith- 
metic means of m measurements) corresponding to 
two different ‘“occasions’’ will include the difference 
ui—uy between the limiting means corresponding to 
the two particular occasions involved. In so far as 
such a comparison is regarded as a unique individual 
case, the difference u;—yy is a fixed constant and 
hence a systematic error affecting this comparison. 
On the other hand, if the difference between these 
two individual measurements (or these two arith- 
metic means) is regarded only as a typical instance 
of the outcomes that might be vielded by the same 
measurement process on other pairs of occasions, then 
the difference u4;—y, may be regarded as a random 
component having a zero mean and variance 203. 

It goes without saying, of course, that if a control- 
chart. analysis of the type described above is under- 
taken for the purpose of ascertaining whether the 
process is in a state of complex control, “but the points 
plotted on the 7-chart are clearly “out of control,” 
then the measurement process concerned cannot be 
regarded as statistically stable from occasion to ocea- 
sion, and should be used only for comparative measure- 
ment within-occasions. Even when such a measure- 
ment process is used solely for comparative meas- 
urement within “occasions,” it needs to be shown 
that comparative measurements or fired differences 
are in a state of (simple or complex) statistical con- 
trol, if this measurement process is to be generally 
valid in any absolute sense. ‘Thus in the case of the 
thermometer calibration procedure mentioned in sec- 
tion 2.4 above, one needs to examine the results of 
repeated measurement, occasion after occasion, of 
the difference between two standard thermometers 
S, and S, of proven stability in order to determine 
whether the process is or is not in a state of simple 
or complex statistical control. 


3.5. Difficulty of Characterizing the Accuracy of a 
Measurement Process 


Unfortunately, there does not exist any single com- 
prehensive measure of the accuracy (or inaccuracy ) 
of a measurement process (analogous to the standard 
deviation as a measure of its imprecision) that is 
really satisfactory. This difficulty stems from the 
fact that “accuracy,” like ‘‘true value,” seems to be 
a reasonably definite concept on first thought, but 


as soon as one attempts to specify exactly what one 
means by “accuracy” in a particular situation, the 
concept becomes illusive; and in attempting to re- 
solve the matter one comes face to face, sooner or 
later, with the question: “Accurate” for what 
purpose? 

Gauss, in his second development (1821-1823) of 
the Method of Least Squares clearly recognized the 
difficulty of characterizing sharply the “accuracy”’ 
of any particular procedure: 

“Quippe quaestio haec 
implicat, quod limitibus circumscribi nisi per 
aliquatenus arbitrarium nequit neque demonstrationi- 
bus mathematicis decidenda, sed libero tantum arbitrio 
remittenda.”’'*? [Gauss 1823, Part I, Art. 6.] 

Gauss himself proposed [{loc. cit.] that the mean 
square error of a procedure—that is, o*?+(u—r)? 
where a is its standard deviation; and u—r, its bias—be 
used to characterize its accuracy. While mean square 
error is a useful criterion for comparing the relative 
accuracies of measurement processes differing widely 
in both precision and bias, it clearly does not “tell 
the whole story.”’ For example, if one were to 
adopt the principle that measurement processes 
having the same mean square error were equally 
“accurate,” then one would be obliged to consider 
the measurement processes corresponding to the 
three curves shown in figure 3 as being of equal 


per rei naturam aliquid vagi 


principium 


’ 


21 am grateful to my colleague 
of these phrases 

“For this question implies, by the very nature of the 
vague which cannot be clearly delimited except by 


Franz Alt for the following literal translation 
matter, something 
somewhat arbitrary principle 
. . » Nor can it be decides 1 by mathematical demonstrations, but must be left to 
mere arbitrary judgment 
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Ficure 3. Three distributions differing with respect to both 
precision and accuracy but with the same mean square error. 
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accuracy, whereas 
regard process (C 
“most accurate,” 


for many purposes one would 
(portrayed to the right) as the 
in spite of the fact that the chances 
of scoring a ‘‘bull’s eye’’ or “‘near miss” are greater 
in the case of process A shown in the upper left. 

Alternatively, if one were to say that two measure- 
ment processes were equally accurate when exactly 
the same proportion P of the measurements of each 
lay within +6 units from the true value, then for 
P=0.5 one would be obliged to say that the measure- 
ment processes corresponding to curves e and d 
in the lower half of figure 1 were equally accurate, 
and that the measurement process corresponding to 
curve @ in the upper half of the same figure was 
slightly more accurate than either e or d. Or, 
taking P=0.95, one would be obliged to say that 
the measurement processes corresponding to the 
three curves shown in figure 4 were equally accurate. 
From these, and other cases easily constructed, it 1s 
readily seen that it is unsatisfactory to regard two 
measurement processes as being equally accurate if 
the same specified fraction P of the measurements 
produced by each lie within the same distance from 
the true value. 

Thus one is led by the force of necessity to the 
inescapable conclusion that ordinarily (at least) 
two numbers are needed to adequately characterize 
the accuracy of a measurement process. And this 
has been recognized by the American Society for 
Testing and Materials in their recent recommenda- 
tions [ASTM 1961, pp. 1759-1760): 
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FIGURE 4. Three measurement processes differing in bias and 
precision but having 95 percent of their individual measure- 
ments within 4.9 units from the true value r. 


“Generally the index of accuracy will consist of two or 
more different numbers. Since the concept of accuracy 
embraces not only the concept of precision but also the idea 
of more or less consistent deviation from the reference level 
(systematic error or bias), it is preferable to describe accuracy 
by separate values indicating precision and bias.” 

The fact of the matter is that two numbers ordinarily 
suffice only because the ‘‘end results” of measurement 
and calibration programs are usually averages or 
adjusted values based on a number of independent 
‘primary measurements,” and such averages and 
adjusted values tend to be normally distributed to 
a very good approximation when four or more “pri- 
mary measurements” are involved. This is illus- 
trated by figure 5, which shows the distributions of 
individual measurements of two unbiased measure- 
ment processes with identical standard deviations 
but having uniform and normal “laws of error,” 
respectively, together with the corresponding distri- 
butions of arithmetic means of 4 independent 
measurements from these respective processes 
these latter two distributions are depicted by a single 
curve because the differences between the two 
distributions concerned are far less than can be 
resolved on a chart drawn to this scale. Since both 
of the processes concerned are unbiased, ‘‘accuracy”’ 
thus becomes only a matter of “precision’’—or does 
it?—both curves for n=1 have the same standard 
deviation, do they reflect equal ‘accuracy’? Would 
not the answer depend on the advantages to be 
gained from small errors balanced against the serious- 
ness of large errors, in relation to the purpose for 
which a single measurement from one or the other 
needed? But ‘the problem” disappears nicely 
if averages of 4 measurements are to be used. 


is 
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Figure 5. Uniform and normal distributions of individual 
measurements having the same mean and standard deviation, 
and the corresponding distribution(s) of arithmetic means 
of four independent measurements. 
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4. Evaluation of the Precision, and of Cred- 
ible Bounds to the Systematic Error of a 
Measurement Process 


As we have just seen, two numbers are ordinarily 
needed to characterize the accuracy of a measure- 
ment process, the one indicating its precision, and 
the other its bias. In practice, however 
& measurement process is unknown and unknowable 
because the “true values” of quantities measured are 
almost always unknown and unknowable. The 
principle exception is when one is measuring a 
difference that is by hypothesis identically zero. 
If the bias of a measurement process could be, and 
were known exactly, then one would of 
subtract it off as a “correction” 
it entirely. Since ordinarily we cannot expect to 
know the exact magnitude of the bias of a measure- 
ment process, we are forced in practice to settle 
for credible bounds to its likely magnitude— much 


course 


as did Steyning and the thief in chapter VI of Kipling’s | 


story, Captains Courageous: “Steyning tuk him for 
the reason that the thief tuk the hot stove—bekaze 
for there was nothing else that season’. Conse- 
quently, neither the bias nor the accuracy of any 
measurement process, or method of measurement, 
can ever be known in a logical sense. The precision 
of a measurement process, however, can be measured 
and known. (Compare Deming (1950, p. 17].) 


4.1. Evaluation of the Precision of a Measurement 
Process 


In the foregoing we have stressed that a measure- 
ment operation to qualify as a measurement process 
must have attained a state of statistical control; and 
that until a measurement operation has been 
“debugged” to the extent aps it has attained a 
state of statistical control, it cannot be regarded in 
any logical sense as measuring anything at all. It 
is also clear, from our discussion of the control-chart 
techniques for determining whether in any given 
instance one is entitled to ‘‘act for the present as if”’ 
a state of statistical control has been attained, that 
a fairly large amount of experience with a particular 
measurement process is needed before one can 
resolve the question in the affirmative. Once a 
measurement process has attained a state of sta- 
tistical control, and so long as it remains in this 
state, then an estimate of the standard deviation of 
the process can be obtained from the data employed 
in establishing control, as we have indicated above. 

Since the precision of a measurement process 
refe ‘rs to, and is determined by the characteristic 

“closeness together’’ of successive independent meas- 
urements of a single magnitude generated by repeated 
application of the process under specified conditions, 
it is clearly necessary in determining whether a 
measurement operation is or is not in a state of 
statistical control, and in evaluating its precision to 
be reasonably definite on what variations of procedure, 
apparatus, environmental conditions, observers, 
operators, etc., are allowable in 


the bias of | 


and thus dispose of | 


“repeated appli- | 


cations” of what will be considered to be the same 
measurement process applied to the measurement of 
the same quantity under the same conditions. If 
whatever measure of the precision and bounds to 
the bias of the measurement process we may adopt 
are to provide a realistic indication of the accuracy 
of this process in practice, then the “allowable varia- 
tions’”’ must be of sufficient scope to bracket the 
range of circumstances commonly met in practice. 
Scientists and engineers commonly append ‘‘probable 
errors” or “standard errors” to the results of their 
experiments and tests. These measures of impreci- 
sion are supposed to indicate the extent of the 
reproducibility of these experiments or tests under 
“essentially the same conditions,’ but there are 
great doubts whether the “probable errors’ and 
“standard errors” generally presented actually have 
this meaning. The fault in most cases is not with 
the statistical formulas and procedures used to com- 
pute such probable errors or standard errors from 
the measurements in hand, but rather with the 
limited scope of the “conditions” sampled in taking 
the measurements. 


a. Concept of a ‘Repetition’ of a Measurement 


As a very minimum, a “repetition” of a measure- 
ment by the same measurement process should “leave 
the door open”’ to, and in no way inhibit changes - 
the sort that would occur if, on termination of « 
given series of measurements, the data sheets were 
stolen and the experimenter were to repeat the 
series as closely as possible with the same apparatus 
and auxiliary equipment following the same instruc- 
tions. In contrast, a ‘repetition’ by the same 
method of measurement should permit and in no way 
inhibit the natural occurrence of such changes as 
will occur if the experimenter were to mail to a 
friend complete details of the apparatus, auxiliary 
equipment, and experimental procedure employed 
i.e., the written text specification that defines the 
“method of measurement” concerned—and _ the 
friend, using apparatus and auxiliary equipment of 
the same kind, and following the procedural instuc- 
tions received to the best of his ability, were then, 
after a little practice, to attempt a repetition of the 
measurement of the same quantity. Such are the 
extremes, but there is a “gray region”? between in 
which there is not to be found a sharp line of de- 
marcation between the “areas” corresponding to 
“repetition” by the same measurement process, and 
and to “repetition” by the same method of measure- 
ment. 

Let us consider “repetitions” by the same meas- 
urement process more fully. Such repetitions will 
undoubtedly be carried out in the same place, i.e., 
in the same laboratory, because if it is to be the 
same measurement process, the very same apparatus 
must be used. But a “repetition” cannot be carried 
out at the same time. How great a lapse of time 
should be allowed, nay required, between “repeti- 
tions’? This is a crucial question. Student 
gives an answer in a passage from which we quoted 
above [Student 1917, p. 415): 
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“Perhaps I may be permitted to restate my opinion as to 
the best way of judging the accuracy of physical or chemical 
determinations. 

“After considerable experience I have not encountered 
any determination which is not influenced by the date on 
which it is made; from this it follows that a number of 
determinations of the same thing made on the same day are 
likely to lie more closely together than if the repetitions had 
been made on different days 

“It also follows that if the probable error is calculated 
from a number of observations made close together in point 
of time, much of the secular error will be left out and for 
general use the probable error will be too small. 

“Where then the materials are sufficiently stable it is 
well to run a number of determinations on the same material 
through any series of routine determinations which have to be 
made, spreading them over the whole period.” 


Another important question is: Are “repetitions” 
by the same measurement process, to be limited to 
repetitions by the same and operators, 
using the same auxiliary equipment (bottles of 
reagents, etc.); or enlarged to include repetitions 
with nominally equivalent auxiliary equipment, by 
various but equivalently trained observers and 
operators? I believe that everyone will agree that 
substitution, and certainly replacement, of bottles 
of reagents, of batteries as sources of electrical 
energy, ete., by “nominally equivalent materials” 
must be allowed. And any calibration laboratory 
having a large amount of “business” will certainly, 
in the long run at any rate, have to face up to allow- 
ing changes, even replacement of and 
operators 


observers 


observers 
and, ultimately, even of apparatus. 

A very crucial question, not always faced squarely, 
is: in complete “repetitions’”’ by the same measure- 
ment process, are such ‘‘repetitions”’ to be limited to 
those intervals of time over which the apparatus is 


used “as is” and “undisturbed,” or extended to 
include the additional variations that almost always 
manifest themselves when the apparatus is dis- 
assembled, cleaned, reassembled, and readjusted? 
Unless such disassembly, cleaning, reassembly, and 
readjustment of apparatus is permitted among the 
allowable variations affecting a “repetition” by the 
same measurement process, then there is very little 
hope of achieving satisfactory agreement between 
two or more measurement processes in the same 
laboratory that differ only in their identification with 
different pieces of apparatus of the same kind. In 
practice it is found that statistical control can be 
attained and maintained under such a broad concept 
of “repetition” only through the use of reference 
standards ef proven stability. Furthermore, by 
thus more squarely facing the issue of the scope of 
variations allowable with respect to “repetitions” 
by the same measurement process, we shall go a 
long way toward narrowing the gap between a 
“repetition” by the same measurement process and 
by the same method of measurement. 

As we have said before, if whatever measures of 
the precision and bias of a measurement process we 
may adopt are to provide a realistic indication of the 


accuracy of this process in practice, then the “allow- | 


able variations’”’ must be of sufficient scope to bracket 


the range of circumstances commonly met in prac- 


tice. Furthermore, any experimental program that 


aims to determine the precision and systematic error, 


and thence the accuracy of a measurement process, 
must be based on an appropriate random sampling 
of this “range of circumstances,”’ if the usual tools 
of statistical analysis are to be strictly applicable. 
Or as Student put it, “the experiments must be 
capable of being considered to be a random sample 
of the population to which the conclusions are to be 
applied. Neglect of this rule has led to the estimate 
of the value of statistics which is expressed in the 
crescendo ‘lies, damned lies, statisties’.”” [Student 
1926, p. 711.] 

When adequate random sampling of the appro- 
priate “range of circumstances” is not feasible, or 
even possible, then it is necessary to compute, by 
extrapolation from available data, a more or less 
subjective estimate of the ‘“‘precision’’ of the end 
results of a measurement operation, to serve as a 
substitute for a direct experimental measure of their 
“reproducibility.”” Youden [1962d] calls this “ap- 
proach the ‘paper way’ of obtaining an estimate of 
the [precision].”” Its validity, if any, “is based on 
subject-matter knowledge and skill, general informa- 
tion, and intuition—but not on statistical method- 
ology” [Cochran et al. 1953, p. 693]. 


b. Some Examples of Realistic ‘‘Repetitions”’ 

As Student remarked [1917, p. 415], “The best way 
of judging the accuracy of physical or chemical 
determination . [when] the materials are suffi- 
ciently stable... is... to run a number of 
determinations on the same material thru any series 
of routine determinations which have to be made, 
spreading them over the whole period.’ To this 
end, as well as to provide an overall check on pro- 
cedure, on the stability of reference standards, and 
to guard against mistakes, it is common practice in 
many calibration procedures, to utilize two or more 
reference standards as part of the regular calibration 
procedure. 

The calibration procedure for liquid-in-glass therm- 
ometers, referred to in section 2.4 above, is a case in 
point. A measurement of the difference between the 
two standards S, and 8S, is obtained as by-product 
of the calibration of the four test thermometers 
T,, T:, T;, and T, in terms of the (corrected) readings 
of the two standards. It is such remeasurements of 
the difference between a pair of standard thermom- 
eters from ‘‘occasion”’ to ‘‘occasion”’ that constitutes 
realistic ‘repetitions’ of the calibration procedure. 
The data vielded by these ‘repetitions’ are of 
exactly the type needed (a) to ascertain whether or 
not the process is in a state of statistical control; and 
if so, (b) to determine its overall standard deviation. 

Similarly, in the calibration of laboratory standards 
of mass at the National Bureau of Standards, 
“known standard weights are calibrated side-by-side 
with [the] unknown weights’? [Almer et al., 1962, 
p. 33]. Indeed, weights whose values are otherwise 
determined “are not said to have been ‘calibrated’. 
That term is reserved for measurements based on at 
least two mass standards.”’ {loc. cit., p. 43.) In the 
specimen work sheets exhibited by Almer et al., the 
auxiliary standards involved are those from the 
Bureau’s ‘‘NH series” of reference standards known 
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by the designations NH50, NH20, and NH10, 
respectively. It is the measurements obtained in 
routine calibrations of the differences between the 
values of these standards and their accepted values 
that not only provide valuable checks on day-to-day 
procedure, but also serve as the basis for determina- 
tion of the overall standard deviation of this calibra- 
tion process. 

A third example is provided by the method 
followed at the National Bureau of Standards for 
testing alternating-current watthour meters, which has 


been described in some detail by Spinks and Zapf 


[1954]. Four reference watthour meters are involved. 
One of these, termed “the Standard Watthour 
Meter,”’ is located in the device portrayed in figure 
1 of the paper by Spinks and Zapf. The other three 
are located in a temperature-controlled cabinet. 
A “test”? of a watthour meter sent to the Bureau 
involves not only a comparison of this watthour 
meter with the Standard Watthour Meter, but also 
comparisons of each of the Comparison Standard 
Watthour Meters with the Standard Watthour 
Meter. It is from the data yielded by these inter- 
comparisons of the Standard Watthour Meter and 
the Comparision Standard Watthour Meters that 
the standard deviation of this test procedure is 
evaluated. Spinks and Zapf’s section on “Precision 
and Accuracy Attainable’ is notable for its ex- 
ceptional lucidity as well as for its completeness 
with respect to relevant details. 

Some additional examples of realistic “repetitions” 
are discussed by Youden |1962c]. 


4.2. Treatment of Inaccuracy Due to Systematic 


Errors of Assignable Origins but of Unknown | 


Magnitudes 


As we remarked in section 3.3b above, the sys- | 
tematic error of a measurement process will ordinarily 


have both constant and variable components. For 
convenience of exposition, it is customary to regard 
the individual components of the overall systematic 
error of a measurement or calibration process as 
elemental or constituent ‘systematic errors” and to 
refer to them simply as “systematic errors,” for 
short. Included among such “systematic errors’ 
affecting a particular measurement or calibration 
process are: “. all those errors which cannot be 
regarded as fortuitous, as partaking of the nature 
of chance. They are characteristic of the system 
involved in the work; they may arise from errors in 
theory or in standards, from imperfections in the 
apparatus or in the observer, from false assumptions, 
etc. To them, the statistical theory of error does not 
apply.”’ [Dorsey 1944, p. 6; Dorsey and Eisenhart 
1953, p. 104.) 

The overall systematic error of a measurement 
process ordinarily consists of elemental ‘systematic 
errors’? due to both assignable and unassignable 
causes. Those of unknown (not thought of, not 
vet identified, or as yet undiscovered) origin are 
always to be feared; allowances can be made only 
for those of recognized origin. 

Since the ‘‘known”’ systematic errors affecting a 
measurement process ascribable to specific origins 


standing. 


| what 


are ordinarily determinate in origin only, their 
individual values ordinarily being unknown both 
with respect to sign and magnitude, it is not possible 
to evaluate their algebraic sum and thereby arrive 
at a value for the overall systematic error of the 
measurement process concerned. In consequence, it 
is necessary to arrive at bounds for each of the 
individual components of systematic error that may 
be expected to yield nonnegligible contributions, 
and then from these bounds arrive at credible bounds 
to their combined effect on the measurement process 
concerned. Both of these steps are fraught with 
difficulties. 

Determination of reasonable bounds to the 
systematic error likely to be contributed by a 
particular origin or assignable cause necessarily 
involves an element of judgment, and the limits can- 
not be set in exactitude. By assigning ridiculously 
wide limits, one could be practically certain that 
the actual error due to a particular cause would never 
lie outside of these limits. But such limits are not 
likely to be very helpful. The narrower the range 
between the assigned limits, the greater the uneasi- 
ness one feels that the assigned limits will not 
include whatever systematic error is contributed 
by the cause in question. But a decision has to 
be made; and on the basis of theory, other related 
measurements, a careful study of the situation in 
hand, especially its sensitivity to small changes in 
the factor concerned, and so forth, ‘‘the experi- 
menter presently will feel justified in saying that 
he feels, or believes, or is of the opinion,” that the 


| systematic error due to the particular source in 


question does not exceed such and such limits, 
“meaning thereby, since he makes no claim to 
omniscience, that he has found no reason for 
believing” that it exceeds these limits. In other 
words, ‘nothing has come to light in the course 
of the work to indicate’’ that the systematic error 
concerned lies outside the stated range. [Dorsey 
1944, pp. 9-10; Dorsey and Eisenhart, 1953, pp. 
105-107. ] 

This being done to each of the recognized potential 


| sources of systematic error, the problem remains 


how to determine credible bounds to their combined 
effect. Before considering this problem in detail, 
it will be helpful to digress for a moment, to consider 
an instructive example relating to the combined 
effect of constant errors in an everyday situation. 


a. An Instructive Example 


Consider the hypothetical situation of an indi- 
vidual who is comparing his checkbook balance with 
his bank statement. To this end he needs to know 
the total value of his checks outstanding. Loathing 
addition, or perhaps, simply to save time, he adds 
up only the dollars, neglecting the cents, and thus 
arrives at a total of, say, $312, for 20 checks out- 
Adding a correction of 50 cents per check, 
or $10 in all, he takes $322 as his estimate. Within 
limits should he consider the error of this 
estimate to lie? 


The round-off error cannot exceed +50 cents per 
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check, so that barring mistakes in addition, he can 
be absolutely certain that the total error of his 
estimate does not exceed +$10. But these are 
extremely pessimistic limits: they correspond to 
every check being in error by the maximum possible 
amount and all in the same direction. (Actually 
the maximum possible positive error is 49 cents per 
check or + $9.80 in all.) 

To be conservative, but not so pessimistic, one 
TABLI Limits of err 


Uniform 


wNweKee ee 
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Alternatively, one might consider it to be more 
“realistic’’ to regard the individual errors as inde- 
pendently and uniformly distributed between —50 
cents and +50 cents, concluding “with probability 
0.95” that the total error does not exceed +$2.53; 
or “with probability 0.99,” is not greater then 
as shown in the columns under the heading 
‘uniform’ in table It is clear that a considerable 
reduction in the estimate of the total error is achieved 
by this approach. 

Strictly speaking, the foregoing analyses via the 
theory of probability are both inapplicable to the 
problem at hand: each 


round-off error is a fixed 
number between 


50 cents, and their sum is a fixed 
$10. If it were true that round- 
off errors in such cases were uniformly distributed 
between +50 cents, then, if one made a habit of 
evaluating limits of error according to this procedure, 
one could expect the limits of error so calculated to 
include the true total error in 95 percent, or 99 per- 
cent of the instances in which this procedure was 
used in the longrun. Round-off errors in such cases are 
almost certainly not uniformly distributed between 

50 cents. (Many items are priced these days at 
$2.98 etc., and this will distort the distribution of the 
cents-portion of one’s bills but added sales taxes no 
doubt have a “smoothing”’ effect.) 

Nevertheless, I believe that you will agree that if, 
in the hypothetical under discussion, the 
checkbook balance, with an allowance of $322 for 
checks outstanding, failed to agree with the bank 
statement to within $2.53 (or $3.33), our “friend” 
would do well to check into the matter more thor- 
oughly. And, alternatively, if his checkbook balance 


number between 


case 


so adjusted, and the bank statement, agreed to 


within $2.53 (or $3.33), it would be reasonably 


might ‘“‘allow’’ a maximum error of +50 cents 
per check, but consider it reasonable to regard their 
signs as being equally likely to be plus or minus. 
In this way one would be led to conclude “with 
probability 0.95” that the total error lies between 
t+ $7.00; or “with probability 0.99,” between 
t $8.00, as shown in the column headed “binomial” 
in table 1, for n=20. The “saving’’ 


by this pro- 
cedure is clearly not great. 


or of a sum of n items indicated by various methods of evaluation 


rriangular Normal, 20 =0.5 Normal, 30 =0.5 
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for him to “act for the present as if” his 
balance and the bank statement were in agreement. 
(See Eisenhart [1947a, p. 218] for discussion of a 
similar example relating to computation with 
logarithms.) 


“Safe” 


b. Combination of Allowances for Systematic Errors 


The foregoing example suggests that a similar 
procedure be used for arriving at credible limits to 
the likely overall effect of systematic errors due to a 
number of different origins. A number of additional 
difficulties confront us, however, in this case. To 
begin with, in view of the inexactness with which 
bounds can ordinarily be placed on each of the indi- 
vidual components of systematic error, it is not 
possible to say with absolute certainty that their 
combined effect lies between the sum of the positive 
bounds and the sum of the negative bounds. 

Second, even if it were possible to scale the situa- 
tion so that the bounds for each of the components 
of systematic error was the same, say, +A, there 
would still remain the problem of translation into an 
appropriate probability calculus. Most persons 
would, I believe, regard the “binomial” approach 
(corresponding to equal probability of maximum 
error in either direction), as too pessimistic; and the 
approach via a uniform distribution of error, as a bit 
conservative, on the grounds that one intuitively 
feels that the individual errors are somewhat more 
likely to lie near the centers than near the ends of 
their respective ranges. Therefore, one might at- 
tempt to simulate this “feeling’’ by assuming the 
‘law of error’’ to be an isosceles triangle centered at 
zero and ends at +A; or, more daringly, by assuming 
the “law of error’ to be approximately normal with 
A corresponding to 2 ‘‘e”’ - 


‘ 


or even 3 ‘a. 
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Unfortunately whatever “probability limits’? may 
be placed upon the combined effects of several inde- 
pendent systematic errors by these procedures are 
quite sensitive to the assumption made at this stage, 
as is evident from table Therefore, anyone who 
uses one of these methods for the “combination of 
errors’ should indicate explicitty which of these (or 
an alternative method) he has vsed. When (a) the 
number of systematic errors to be combined islarge, 
(b) the respective ranges are approximately equal in 
size, and (c) one feels “fairly sure’ that the indi- 
vidual errors do not fall outside of their respective 
ranges, then my personal feeling is that the “uni- 
form’ method is probably a wee bit conservative 
but “safe”; the triangular method is a bit “too 
daring’; the normal method with ‘o’’=A/3 ordi- 
narily “much too daring’; but the normal method 
with ‘‘o’’=A/2, probably “not too daring.” When 
(b) and (c) hold but x is small, then it will probably 
be safe to use the “uniform” method with “A’’ taken 
equal to the average of the individual ranges. 
Other cases, e.g., when n is large but, say, one or two 
of the ranges is (are) much larger than the others 
and tend(s) to dominate the situation, requires 
special consideration which is beyond the scope of 
the present paper. 


4.3. Expression of the Inaccuracy of a Measurement 
Process 


By whatever means credible bounds to the likely 
overall systematic error of the measurement process 
are obtained they should not be combined (by simple 
addition, by “quadrature,” or otherwise) with an ex- 
perime tally determined measure of its standard de- 
viation to obtain an overall index of its accuracy (or, 
more correctly, of its inaccuracy). Rather (a) the 
standard deviation of the process and (b) credible 
bounds to its SV stematic error should be stated sepa- 

rately, because, as we showed in figure 3, a meas- 
urement process having standard deviation ¢=0.2 

and a bias A= 15/16=0.97 is for most purposes 
“more accurate” than a measurement process having 
zero bias and standard deviation o=1, so that a proc- 
ess with o=0.25 and a bias less than +0.97 will a 
fortiori be ‘‘more accurate.” 
’ Finally, if the uncertainties in the assigned value 
of a national standard or of some fundamental con- 
stant of nature (e.g., in the volt as maintained at the 
National Bureau of Standards, or in the speed of light 
c, or in the acceleration of gravity g on the Potsdam 
basis) is an important potential source of systematic 
error affecting the measurement process, no allowance 
for possible systematic error from this source should 
be included ordinarily in evaluating overall bounds 
to the systematic error of the measurement process. 
Since the error concerned, what ever it is, affects all 
results obtained by the method of measurement in- 
volved, to include an allowance for this error would 
be to make everybody’s results appear unduly in- 
accurate relative to each other. Instead, in such in- 
stances one should state (a) that results obtained by 
the measurement process concerned are in terms of 
the volt (or the watthour, or the kilogram, etc.) 


“as maintained at the National Bureau of Stand- 
ards” (McNish and Cameron 1960, p. 102], or 
“correspond to the speed of light ¢=2.997925 « 10° 
cm/sec. exactly,” say; and (b) that the indicated 
bounds to the systematic error of the process are 
exclusive of whatever errors may be present from 
this (or these) source(s). Given such information, 
experts can make such additional allowances, as may 
be needed, in fundamental scientific work; and com- 
parative measurements within science and industry 
within the United States will not appear to be less 
accurate than they very likely are for the purposes 
for which they are to be used. 


It is a pleasure to acknowledge the technical assist- 
ance of Janace A. Speckman in several phases of the 
preparation of this paper. 
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photomicrograph as the information input. The history of 
picture interpretation experiments at the NBS is reviewed. 
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gether with a description of 24 image processing routines now 
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A micrograph of a specimen of Nb-Sn superconductor wire is 
exhaustively analyzed. This specimen is found to contain 
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mutually interconnected. It is also found that in this 
specimen the mean free path in the Nb,Sn_ superconducting 
phase is only 26.5 microns. This small value results from the 
spongy structure of the material and numerous interruptions 
caused by voids and by particles of 4 other solid phases. 
The comparative importance of the several types of inter- 
ruptions is measured. It is determined that small voids are 
the most important single cause of the short mean free path, 
and deduced that these voids appear to have formed mainly 
from the reaction during heat treatment. 
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Moiré fringes produced by soft X-rays passing 
crossed gratings of fine wire mesh are demonstrated. 
systems of bands appearing superimposed on 
graphs of oriented cellulosic structures may also be moiré 
fringes. These fringes could be formed by fibrillate structures 
acting as crossed diffraction gratings. 
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direction; application to SrTiO;, J. B. Wachtman, Jr., M. L. 
Wheat, and 8S. Marzullo, J. Research NBS 67A (Phys. and 
Chem.) No. 2, 205 (Mar.—Apr. 1693). 70 cents. 

A method is given for calculating the three elastic constants 
of a cubie crystal and their standard deviations from the 
three velocities of sound and their standard deviations 
measured in a single direction. The method is applicable to 
any direction except [100] and [111]. 


Page, J. Research 
31 (Jan.—Mar. 1868). 


A new type of computable inductor, C. H. 
NBS 67B (Math. and Math. Phys.) No. 1, 
75 cents. 

The mutual inductance analog of the generalized Thompson- 
Lampard theorem (for cross-capacitances) is developed. 
An infinitely long cage of five parallel wires can yield an 
absolute inductance of 


10-7 


End-effects of 


be reduced to order 


order 1/f occur in a 
1/4 by using eight 


meter. 
but can 


henries per 
finite cage, 
wires. 

The eight wire cage has the advantage of overdetermined 
relations among the inductances to be measured, allowing an 
estimate of experimental error in the calibration of a standard. 
Errors due to faulty cage geometry are shown to be of the 
order of 1 in 10’. 
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Input admittance of linear antennas driven from a coaxia 
line, T. T. Wu, J. Research NBS 67D (Radio Prop.) No. 1’ 
83-89 (Jan.—Feb. 1963). 70 cents. 

In two cases of a linear antenna driven from a coaxial line, 
it is shown that the apparent terminal admittance to the 
coaxial line can be additively separated into two parts when 
the transverse dimensions are small compared with the wave- 
length. One of these two parts depends only on the wave- 
length and the dimensions of the antenna, while the other 
part can be interpreted as a capacitance that depends only 
on the radii of the coaxial line. This capacitance may be 
found exactly from the solution of an integral equation, in 
the that further corrections cannot be interpreted 
simply as a capacitance. 


sense 


Corrosion of steel pilings in soils, M. Romanoff, NBS Mono. 
58 (Oct. 24, 1962), 20 cents. 

Steel pilings have been used for many years structural 
members of dams, floodwalls, bulkheads, and as load-bearing 
foundations. While its is presumably satisfactory, 
evaluation of the material after long service 
In cooperation with the American Iron and Steel Institute 
and the U.S. Corps of Engineers, the National Bureau of 
Standards has undertaken a project to investigate the extent 
of corrosion on steel piles after many years of service. 
Results of inspections made on steel pilings which have been 
in service in various underground structures under a wide 
variety of soil conditions for periods of exposure up to 40 
years are presented. 

In general, no appreciable corrosion of steel piling was found 
in undisturbed soil below the water table regardless of the 
soil types or soil properties encountered. Above the water 
table and in fill soils corrosion was found to be variable but 
not serious. 

It is indicated that corrosion data previoulsy published by 
the National Bureau of Standards on specimens exposed 
under disturbed soil conditions do not apply to pilings which 
are driven in undisturbed soils. 


as 
use ho 
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Radiation quantities and units, Jnternational Commission on 
ee oy Units and Measurements (ICRU) Report 10a, 
1962, NBS Handb. 84 (Nov. 14, 1962), 20 cents. 

This Handbook presents definitiors of 23 fundamental 
radiation quantities and units. It resulted from a 3-year 
study by the Ad Hoc Committee on Quantities and Units of 
the ICRU. It includes new names for certain quantities 
and clarified definitions for others. It presents a system of 
concepts and a set of definitions which is internally consistent 
and yet of sufficient generality to cover present requirements 
and such future requirements as can be foreseen. 


A tabulation of the thermodynamic properties of normal 
hydrogen from low temperature to 300° K and from 1 to 100 
atmospheres, J. W. Dean, NBS Tech. Note 120 (Nov. 1961), 
45 cents. 

Pressure, volume, temperature, internal energy, 
and entropy of normal hydrogen gas have been tabulated 
along isobars in 1 °K temperature steps. The range covered 
is from the saturation temperature to 300 °K and from a 
pressure of 1 to 100 atmospheres. The source of data is the 
Research Paper 1932 of the National Bureau of Standards 
Journal of Research. The method is described by which the 
data presented in Research Paper 1932-is reduced to proper- 
ties directly useful for engineering calculations. A method is 
also described for estimating the effect of ortho-para compo- 
sitions upon the tabulated properties. 

Tabular values are presented in the dimensional units of the 
| metric system. The tabulations are also available in the 


enthalpy, 


| 
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dimensional units of the British system as Technical Note 
No. 120, Supplement A 


Controlled temperature oil baths for saturated standard cells, 
P. H. Lowrie, Jr... NBS Tech. Note 141 (Aug. 1962), 25 cents 
Two oil baths for the temperature control of saturated stand- 
ard cells have been designed and fabricated at the Boulder 
Laboratories of the National Bureau of Standards for opera- 
tion at 28 °C and 35 °C respectively. Short term control to 
better than +0.001 °C with day-to-day variations no greater 
than 0.002 °C has been achieved with the use of a mercury- 
toluene thermoregulator incorporating a temperature antici- 
pating device. The circulating system limits temperature 
gradients in the oil to less than 0.001 °C across any 10-inch 
section. The baths incorporate preheat and drain tanks as 
well as the main temperature regulated tank to facilitate the 
insertion and removal of cells and to minimize oil spillage. 


Coordinated color identifications for industry, Kk. L. 
VBS Tech. Note 152 (Nov. 1962), 15 cents. 

When a color is to be identified, the preciseness required of 
the identification is the first consideration. Usually this is 
determined by a trial-and-error method which can be both 
costly and time-consuming. For uses, a color name 
consisting of a hue name ora hue name and modifier is sufficient 
while for others, a notation of the color in a color-order sys- 
tem will suffice. Where maximum precision is required, the 
color should be measured instrumentally and the results ex- 
pressed numerically. This paper describes the coordinated 
series of five levels of fineness of color identification developed 
by ISCC Subcommittee for Problem 23, the Expression of 
Historical Color Usage, and is based on the ISCC-NBS 
method of designating colors It lists the methods for 
changing from one level to another and gives examples of the 
use of each level 


some 


The thermodynamic properties of helium from 6 to 540° R 
between 10 and 1,500 psia, 1). B. Mann, NBS Tech. Note 
154A (Jan. 1962), 
The specific volume, enthalpy, entropy, and internal energy 
values of helium are presented in tabular form as functions of 
pressure and temperature 
Data are tabulated in two-degree Rankin increments for 36 
isobars between 10 psia and 1,500 psia. A comparison with 
previously published data is made where applicable. 
n expression is presented which represents the 
density-temperature surface based on previously 
data 
The tabulation is presented in the dimensional units of the 
British system but is also available in the dimensional units 
of the metric system 


50 cents 


pressure- 
published 


Emission stabilization of thermionic diode noise sources, 
M. W tandall and M. G. Arthur, NBS Tech. Note 160 
( Se pt. 1962), 145 cents 

\n apparatus is described which is capable of stabilizing the 
d-c plate current of a temperature-limited thermionic diode 
noise source to better than 0.02 percent, which corresponds 
to a noise power stability of better than 0.001 db throughout 
the current range of 1 ma to 100 ma 


Evaluation of unexpectedly large radiation exposures by 
means of photographic film, W. L. McLaughlin, NBS Tech. 
Note 161 (Aug. 1962), 
Conventional film types used in personnel monitoring film 
badges are suitable for measuring X- and y-radiation expo- 
sures only up to 1,000 R. By using special processing pro- 
cedures, it is possible to extend the range of the less sensitive 
component of most commercial film packets up to at least 
10,000 R. Limitations in precision of readings due to changes 
in rate dependence, energy dependence, and changes in the 
shape of the characteristic curve in this range are discussed, 


15 cents. 


Exchange behavior of kaolins of varying degrees of crystal- 


linity, W. C. Ormsby, J. M. Shartsis, and K. H. Woodside, 
J. Am. Ceram. Soc. 45, No. 8, 361-366 (Aug. 1962). 

Particle-size fractions of several Georgia kaolins, which were 
prepared by sedimentation procedures, were examined from 
the standpoint of crystallinity, cation-exchange capacity, 
and surface area. Crystallinity was studied using X-ray 
techniques, exchange capacities were measured using the 


manganese saturation method, and surface areas were de- 
termined using glycerol adsorption techniques. A _ linear 
relation was obtained between surface areas and exchange 
capacities when areas were increased by decreasing the par- 
ticle size or by changing from well crystallized to poorly 
crystallized kaolins. In most cases, the empirically deter- 
mined crystallinity ratios indicated a change in crystallinity 
with change in particle size, the crystallinity generally in- 
creasing with decreasing particle size in individual samples. 
However, unlike the relation noted for exchange, the crys- 
tallinity did not consistently correlate with area changes 
both among the various samples and within the various 
particle size fractions of a single sample. These results sug- 
gest that the relatively high cation exchange capacities of 
poorly ordered kaolins is more directly a result of high surface 
areas with crystallinity playing, at most, a very minor role. 


Microwave measurements in the NBS Electronic Calibration 
Center, R. E. Larson, /ns/. Elec. Engrs. 109, Pt. B, Suppl. 
No. 23, 644-650 (1962). 

In the Electronic Calibration Center of the National Bureau 
of Standards Radio Standards Laboratory, Boulder, Colo., 
work is proceeding towards the establishment or extension of 
calibration services over a broad range of frequencies in the 
microwave region. At the present time, measurements can 
be made over limited portions of the frequency spectrum for 
the quantities of low-level c.w. power, reflection coefficient, 
frequency and attenuation. Calibration services are cur- 
rently provided for all of these quantities. Instrumentation 
for the measurement of microwave noise is near completion. 
A survey is given of the microwave measurement techniques 
employed in this work. 


A modulated sub-carrier technique of measuring micro- 
wave attenuation, G. I. Schafer and R. R. Bowman, J/nst. 
Elec. Engrs. 109, Pt. B, Suppl No. 23, 783-786 (1962). 

\ method of measuring microwave attenuation is proposed 
which has the advantages of an 7-f substitution method with 
single-sideband operation. However, ordinary amplitude 
modulation is used, and neither the carrier nor one of the 
sidebands needs to be suppressed 

Two versions of instrumenting this method are described and 
some operational hints are given. One of these versions is 
capable of high accuracy with commercially available equip- 
ment. The proposed method was tested by measuring the 
relative attenuation of a microwave variable attenuator at 
9.3897 Geps, attaining a precision of 0.0001 db at 0.01 db 
and 0.2 db at 50 db. The measurements are compared with 
calibrations performed by other methods. A special com- 
parison with values obtained from d-c substitution techniques 
was made in which environmental effects were largely elimi- 
nated. 

Factors affecting the accuracy of measurements made by 
this technique are discussed. Some of the precautions neces- 
sary to attain high accuracy are given. 


A survey of microwave power-measurement techniques 
employed at the National Bureau of Standards, G. F. Engen, 
Inst. Elec. Engrs. 109, Pt. B, Suppl. No. 23, 734-739 (1962). 
The bolometric technique of power measurement is an im- 
portant part of the microwave art. The paper describes 
certain refinements and extensions of this basie method which 
have been developed at the Boulder Laboratories of the 
National Bureau of Standards and which provide the basis 
for a microwave power-calibration service. 

The attendant problems may be divided into three categories: 
(i) measurement of the substituted or bolometric bias power, 
(ii) evaluation of the d.c. r.f. substitution error, and (iii) 
determination of the bolometer mount efficiency. 

In the first area, the Laboratory has developed precise and 
automatic d.c. instrumentation which permits an accuracy 
of 0-1 percent to be realized on a routine basis. In the 
second and third areas, microcalorimetric techniques enable 
a determination of the total microwave power dissipated 
within the bolometer mount; this, when compared with a 
simultaneous bolometric measurement, determines the com- 
bined effect of the substitution error and mount efficiency. 
Another interesting tool for evaluating bolometer-mount 
efficiency is provided by the Kerns impedance method. The 
implementation of this technique has always proved a real 
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challenge, but recent applications of modified reflectometer 
techniques to the problem have resulted in improved accuracy. 
Consistent agreement, within a half percent, with micro- 
calorimetric determinations has been realized at X-band 
frequencies. 

Because a bolometer completely absorbs the power being 
measured, the problem of comparing or calibrating a bolom- 
eter mount in terms of a second mount is inherently more 
difficult than that of comparing two voltmeters or ammeters 
where simultaneous observations of the same quantity are 
possible. This problem has, in fact, been a major limitation 
to the accuracy so far achieved in the art. 

Two methods of dealing with this problem have been de- 
veloped which employ directional couplers and related 
techniques. 


A variable-parameter direct-current switching filter, G. F. 
Montgomery, Proc. [RE 50, No. 9, 1986 (Sept. 1962). 
In a direct-current circuit controlled by a switch, the contact 
are is suppressed and the current transient is modified by 
using a variable-parameter switching filter. A rectifier varies 
the network structure during contact make and break. 


Synthesis of an immittance 
impedance converters, 8. B. 
Theory CT-9, No. 3, 


function with two negative 
Geller, JRE Trans. Cirenit 
291 (Sept. 1962). 


A technique is shown for synthesizing a function such as 
Y(s)==1 through the use of two negative impedance con- 
verters. Kinariwala’s method is used with a limit process 
when the function fails in one of the required constraints. 


The spontaneous martensitic transformations in 18% Cr, 
8°, Nisteels, R. P. Reed, Acta Met. 10, 865-877 (Sept. 1962). 
On cooling 18 percent Cr, 8 percent Ni steels transform 
martensically to two products (e anda’). Sheets representing 
either « or stacking fault clusters have been observed to form 
prior to the formation of a’. Photographic sequences demon- 
strating the formation of a’ from these sheets are included. 
Some transformation characteristics of both e 
discussed 

The morphology of the a’ has been determined. It was 
found that the a’ formed as long, narrow plates and that 
these plates were bounded by 111 sheets. The long direction 
of the plates was parallel or nearly parallel to 110>. If 
they were parallel to 110> then the plates had 225 habit 
planes. It they deviated from 110> then the habit plane 
was not (225), possible alternate habit planes are plotted. 
In addition, the [111] habit plane was observed. 


and a’ are 


A high speed pyrometer, G. A. Hornbeck, Book, T¢ mperature, 


and Control in Science 
Pt, 2, 425-428 (Reinhold Publ. Corp., 
A new high-speed selective spectrometer employed as a 
multiwavelength pyrometer is described. This instrument 
is essentially a device which permits the sequential measure- 
ment of a number of narrow bands of radiation at any chosen 
wavelengths at a high rate of speed. The prototype instru- 
ment which is described was designed to demonstrate a three 
wavelength pyrometer with a presentation rate permitting 
1,000 temperature determinations per second. 


lis Measurement 


and Industry Ul, 
New York, N.Y., 1962). 


The viscous heating correction for viscometer flows, 1. A. 
Kearsley, Trans. Soc. Rheology V1, 253-261 (1962). 

A method is demonstrated for solving simple steady flows of 
incompressible Newtonian fluid with viscous heating. As an 
example, a generalization of Poiseuille flow is solved in simple 
terms. 


Wavelengths, energy levels, and pressure shifts in mercury 
198, V. Kaufman, J. Opt. Soc. Am. 52, No. 8, 866-870 (Aug. 
1962). 

The vacuum wavelengths of 27 lines of Hg! and 6 lines of 
Kr“ have been measured relative to the international stand- 
ard of length, the Kr line at 6057.80211 A, by photographic 
Fabry-Perot interferometry. These measurements were 
made with Hg!** electrodeless lamps containing argon at 
pressures of 14, 3, and 10 mm Hg and a Kr* hot-cathode 


lamp operated according to the conditions prescribed by the 
International Conference on Weights and Measures in 1960 
Mnergy-level values have been derived from the wavelengths 
of each of the Hg! sources, and on the basis of these values, 
the energy level and wavelength shifts per unit pressure of 
argon have been calculated. The suitability of the Hg!” 
electrodeless lamp as a source of wavelength standards for 
interferometric measurement of length and wavelength is 
discussed. 


A network transfer theorem, G. F. Montgomery, /RE Trans. 
Audio AU-10, No. 3, 88 (May-June 1962). 

For a linear, passive, reciprocal two-port network, the forward, 
open-circuit voltage transfer ratio is equal to the reverse, 
short-circuit current transfer ratio. 


Strengthening of hot work die steels, C. R. Irish and &. J 
Rosenberg, Trans. Quart. 55, No. 3, 613-623 (Sept. 1962) 

\ study of four hot-work die steels of the 5 percent chromium 
type showed that all retained a high percentage of their room 
temperature strengths at temperatures up to 800 °F. 

At 600 °F, the 1,000-hour stress-rupture life was in excess of 
98 percent of the short-time tensile strength at that tempera- 
ture. At 800 °F, failures were obtained at stresses between 
85 and 98 percent of the short-time strength. 

Specimens that survived 1,000 hours in the stress-rupture 
machines were subsequently tensile tested at room tempera- 
ture. The results obtained indicated that the strength of 
these specimens had been significantly increased. 


Acoustical interferometer employed as an instrument for 
measuring low absolute temperatures, G. Cataland 
H. H. Plumb, J. Acoust. Soc. Am. 34, No. 8, 
(Auq. 1962). 

Values of absolute temperatures at 2° and 20 °K have been 
determined from experimental measurements of the speed of 
sound as a function of pressure in helium gas. The acoustical 
interferometer was the instrument employed in the measure- 
ments, and the accuracy achieved in the experiment indicates 
that sonic thermometry at low temperatures may be competi- 
tive with other conventional thermometry techniques. 


and 


1145-1146 


Correlation of factors influencing the pressures generated in 
multi-anvil devices, J. C. Houck and U. O. Hutton, 
Soc. Mech. Engrs. Paper 62—W A-254 (1962). 

Tests were performed with three different multianvil wedge- 
type high pressure devices, using pyrophyllite as the sample 
holder. Two devices made use of tetrahedrons, nominally 
'6’’ and 1’’ on an edge; the third used a nominal %’’ cube 
The change in electrical resistance was used to detect the 
transitions of bismuth I-II (25.2 kb) bismuth II-III (26.6 kb) 
and barium (59 kb). Major effects observed were: (1) Oven 
drying the pyrophyllite sample holders to remove moisture 
gave significantly lower anvil forces to reach the transition. 
(2) A silver chloride sleeve not only caused transition to go to 
completion for smaller increases in applied anvil forces, but 
also reduced the anvil forces required to reach the bismuth 
II-III and the barium (59 kb) transition pressures. (3) A 
wide range of sizes of sample holders in the same size die had 
little effect on anvil force required to reach the transition. 
(4) Comparison of results with the 44’’ and 1’’ tetrahedrons 
showed that the ram loads required to attain the transitions 
were proportional to the face areas of the anvils. 

A “‘two-stage’’ device was constructed by insertion of hardened 
steel truncated cones in the faces of the pyrophyllite tetrahe- 
drons. This arrangement permitted the attainment of the 
bismuth 88 kb transition with the ram load reduced to about 
one-half of that required for the single-stage arrangement. 


Am. 


The temperature dependence of flow and fracture character- 
istics of an age-hardenable alloy, W. D. Jenkins and W. A. 
Willard, Trans. ASM, 55, No. 3, 580-598 (Sept. 19582). 

Mechanisms contributing to flow, fracture and ductility of 
polycrystalline Duranickel tensile specimens tested in the 
temperature range 75° to 1,200 °F are discussed. The 
temperature dependence of the yield point phenomenon and 
reversals in strength-temperature curves of the annealed metal 
is attributed to precipitation of Ni;Al during deformation. 
Increase in strength and decrease in ductility due to aging 
are rationalized on the basis of the presence of precipitates 
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which interfere with the motion of dislocations. The density, 
distribution, shape and size of slip bands, precipitated parti- 
cles, cracks and cavities in the specimens before and after 
fracture were observed by means of optical and electron 
microscopy and are discussed by use of dislocation theory. 
The influence of aging on tensile deformation and of tensile 
deformation on aging is partially analyzed by means of 
hardness values. 


The effect of experimental variable including the martensitic 
transformation on the low-temperature mechanical properties 
of austenitic stainless steels, C. J. Guntner and R. P. Reed, 
Trans. ASM 565, No. 3,399-491 (Sept. 1962). 

The austenitic stainless steels in general are excellent low 
temperature structural materials. Most of these steels 
undergo a martensitic transformation which produces both a 
hexagonal close-packed phase and a body centered phase and 
affects the mechanical properties 

Tensile, notched-tensile and impact tests have been conducted 
on AISI 202, AM 350, USS ‘lenelon, AISI 310 and 5 com- 
mercial grades of AISI 304 and AISI 304L at temperatures 
between 300 and 4° K. Values are obtained for tensile 
strength, notched-tensile strength, impact strength, tensile 
elongation, tensile reduction of area and notched-tensile- 
reduction of area. A plot is also included on the percent 
phase transformation as a function of tensile strain and tem- 
perature. Experimental variables considered are temperature, 
strain rate, specimen geometry and initial microstructure. 
The influences of the experimental variables and the mar- 
tensitic transformation characteristics on the mechanical 
properties are discussed. 


Characteristics of resistance strain gages, R. L. Bloss, Book, 
Semiconductor and Conventional Strain Gages, Ed. Mills 
Dean, III and R. D. Douglas, chapt. VII, 123-142 (Academic 
Press, Inc., New York, N.Y., Oct. 1962). 

Although resistance strain gages are very useful devices for 
many applications, their characteristics and limitations must 
be examined closely when use in a new situation is contem- 
plated. The characteristics and factors which may limit the 
usefulness of these gages include (1) strain sensitivity, (2) 
temperature sensitivity, (3) resistance instability, (4) shelf 
life of components, (5) effects of moisture, (6) incompatibility 
of components, (7) fatigue life, (8) frequency range, (9) mag- 
netostrictive effects, and (10) incompatibility with environ- 
ment. These factors are discussed and illustrated. 


Standard tests for electrical properties, A. H. 
1375-1378 (Nov. 1962). 

4 discussion is given of the use of standard tests to deter- 
mine (1) volume and surface resistivity, (2) permittivity 
dielectric constant) and dissipation factor, (3) dielectric 
strength and (4) are resistance or tracking. Both American 
and International Tests are cited. 


Scott, 


SPE J. 


Chromium plating by thermal decomposition of dicumene 
chromium, W. II. Metzger, Jr., Plating 49, No. 11, 1176 
Vov. 1962). 


A technical note describing experiments on chromium plating 
by thermal decomposition of dicumene chromium. 


New wavemeter for millimeter wavelengths, R. W. Zimmerer, 
Rev. S Instr. 33, No. 8, 858-859 lug. 1962). 

\ new wavemneter of simple design is described. The princi- 
ple of operation makes use of a new development in physical 
opties. The actual performance of the device was measured 
and compared with the theory 


The use of a Venturi tube as a quality meter, R. V. 
P. C. Wergin, J. F. Ferguson, and R. B. Jacobs, J. 
Eng. 84, 411-412 (Sept. 1962). 

It is shown that the relationship between the pressure drop 
Ap, the mass rate of flow m, and the quality zx, of the two- 
phase fluid flowing through a Venturi can be correlated by 
the following expression 


Smith, 
Basic 
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It follows that if the pressure drop and mass flow rate are 
measured, the quality is easily computed. 


Dislocation loops in deformed copper, A. W. Ruff, Jr., Fifth 
Intern. Congress for Electron Microscopy, p. J-10 (Academic 
Press, Inc., New York, N.Y., 1962). 

An examination by transmission electron microscopy of single 
crystal copper foils which were deformed 12 percent and 20 
percent by rolling, has revealed the presence of considerable 
numbers of small dislocation loops. Average values are given 
for the dislocation density and the loop density. It is believed 
that these loops were formed from point defects generated during 
the deformation, and that the point defect concentration 
immediately after deformation was at least 10-°. The 
diffraction contrast effects associated with the loops indicate 
that the dislocations are complete and not partial. 


Applications of resistance thermometers to calorimetry, 
G. T. Furukawa, Book, Temperature, Its Measurement and 
Control in Science and Industry IMI, Pt. 2, 317-3828 (Reinhold 
Publ. Co., New York, N.Y., 1962). 

The importance of the resistance thermometer in the accurate 
measurement of both temperature and the heat leak of the 
calorimeter is discussed. The final accuracy of the determina- 
tion of heat capacity is shown to be dependent upon the 
accurate and consistent measurement of heat input to the 
sample and the corresponding rise in temperature. The 
various heat-capacity calorimeters used in the range from 10 
to 400 °K are briefly described with emphasis upon the 
applications of resistance thermometers, the methods for cali- 
brating them, and the problems associated with the design of 
calorimeter vessels. Comparison is made of the thermometric 
properties of platinum, copper, indium, lead and gold-silver 
alloy. The need for high relative accuracy in the measure- 
ment of AR is emphasized. The various temperature scales 
used in calorimetry are compared and their applications are 
described. Absorption spectrum of carbon vapor in solid 
argon at 4° and 20 °K, R. L. Barger and H. P. Broida, J. 
Chem. Phys. 37, No. 5, 1152-1153 (Sept. 1, 1962). 


Obtaining the internal junction characteristics of a transistor 
for use in analog simulation, 8S. B. Geller, JRE Trans. 
Electron. Computers EC-11, No. 5, 709-710 (Oct. 1962). 

A technique is described for making the internal base-to- 
emitter junction characteristics of an alloy junction transistor 
available to an analog computer simulation process. This is 
accomplished with an active feedback network that continu- 
ously compensates for the internal voltage drop across the 
extrinsic base-spreading resistance at all base current levels. 


The thermodynamic scale of temperature below 1 °K, 
R. P. Hudson, Book, Temperature, Its Measurement and 
Control in Science and Industry II, Pt. I, 51-57 (Reinhold 
Publ. Co., New York, N.Y., 1962 

Following a brief discussion of the principles of magnetic 
thermometry, a description is given of the main methods use 
to derive the relation between the “magnetic scale’’ and the 
absolute scale of temperature. Experimental results pub- 
lished since 1953 are summarized. An account is given of 
the measurement of absolute temperature using the anisotropy 
of radiation emitted from oriented radioactive nuclei. Recent 
work on the intercomparison of ‘‘nuclear orientation scales’, 
and on the comparison of one such scale with a magnetic 
seale, is reviewed. There follows a short account of the 
adaptation of the magnetic-cooling method to nuclear para- 
magnetics and the production of temperatures of the order 
of one microdegree Kelvin. 


Precision phase meter, D. M. Waters, 1). Smith, and MM. C 
Thompson, Jr., JRE Trans. Instr. I-11, 64-66 (Sept. 1962) 
A precision electromechanical phase meter has been developed 
to record slow, continuous phase variations often encountered 
in radio propagation research. The phase meter will follow 
phase variations up to several complete cycles unambiguously 
and small phase variations as fast as 1 c/s. 


The effect of temperature and humidity on the oxidation of 
air-blown asphalts, P. G. Campbell, J. R. Wright, and 
P. B. Bowman, Mater. Res. Sid. 2, No. 12, 988-995 (Dec. 
1962). 

The effects of temperature and humidity on the oxidation of 
air-blown roofing asphalts were determined by measuring the 
changes in infrared absorption in the carbonyl band caused by 
carbon-are exposure of the asphalts under varying conditions 
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of temperature and relative humidity. Asphalt oxidation 
was measured for both fixed periods of exposure, and as a 
function of exposure time. Both temperature and humidity 
affected the rate of asphalt oxidation, with temperature being 
the more critical parameter. The sensitivity of the asphalts 
to changes in temperature and relative humidity varied with 
asphalt source and asphalt durability. The relative order of 
oxidation stability of a series of asphalts exposed outdoors 
was, in general, the same as that obtained with exposure to 
carbon-are radiation. The formation and subsequent de- 
composition of an ashpalt-oxygen-water complex is proposed 
as a possible mechanism for the effects of temperature and 
relative humidity on asphalt oxidation rates. 


The thermodynamic temperature scale, its definition and 
realization, C. M. Herzfeld, Book, Temperature, Its Measure- 
ment and Control in Science and Industry IM, Pt. I, 41-50 
(Reinhold Publ. Co., New York, N.Y., 1962). 
A temperature scale based on thermodynamics is conceptually 
straightforward. The usual definition is given and the 
realization of the scale by means of gas thermometry is dis- 
cussed. 
The scale can be extended by appeal to the statistical me- 
chanical interpretation of thermodynamics. Ways of doing this 
for high and low temperatures, using radiation and magnetic 
methods respectively, are presented. 

Statistical mechanical arguments make possible the use of 
the concept of temperature for systems differing greatly from 
those contemplated in classical thermodynamics. 


Use of a “peek-a-boo” information retrieval technique for a 
personal reference file, J. A. Bennett, J. Wash. Acad. Sci. 
52, No. 9, 216-219 (Dec. 1962). 

Optical coincidence subject cards have many advantages for 
indexing a personal reference file. A system having a capac- 
itv of 1,500 items has proven very useful and does not 
require complicated punching and searching equipment. 


Photographic strain measuring technique for use above 3,000 
F, L. Mordfin and T. Rubusto, Jr., Proc. Instr. Soc. Am. 17, 
Pt. 1, 3.4.62-1 (1962). 

A technique for measuring local surface strains in a structural 
test specimen is proposed, in which gage point markings ap- 
plied to the surface of the specimen are photographed. This 
paper describes an exploratory application of this method 
to the measurement of axial and lateral strains in the tensile 


test of a molybdenum rod at 3,500 F in a vacuum. 


The speed of processes involved in electroplating: movement 


of solute, attainment of the steady state and formation of | 


metal, A. Brenner, 49th 
Soc. p. 9-13 (1962). 


innual Tech. Proc. Am. Electroplaters 
The time involved in various processes occurring during or- 
dinary electroplating was discussed. Ions moved to the 
cathode at the rate of 10-4 em/see. The upward move- 
ment of convection currents along an electrode was about 6 
em per minute. The time required to reach a steady state 
of electrolysis was about 2 minutes. Deposition of metal can 
be made to occur with a microsecond pulse of current. By 
means of galvanostagometry is was shown that an electrode 
reaction occurs in less than 5 microseconds after a circuit is 
closed. 


Journal of Research 67A (Phys. and Chem.), No. 1 (Jan. 
Feb. 1963), 70 cents. 


Heat of formation of calcium aluminate monosulfate at 25 °C 
H. A. Berman and E. 8. Newman. 

2,3-Dimethylpentane and 2-methylhexane as a test mixture 
for evaluating highly efficient fractionating columns. E. C, 
Kuehner. 

Phase equilibrium relations in the SegO;-Ga,QO 3 system. 8. J. 
Schneider and J. L. Waring. 

Analysis of two infrared bands of CH,Db. 
H. C. Allen, Jr., and E. K. Plyler 

Precise coulometric titrations of halides. G. 
J. K. Taylor. 

Radial distribution study of vitreous barium borosilicate. 
G. J. Piermarini and 8. Block. 


Wm. B. Olson, 


Marinenko and 


Dynamic compressibility of poly (vinyl acetate) and its rela- 
tion to free volume. J. E. McKinney and H. V. Belcher. 

An investigation of the constitution of the mercury-tin system. 
D. F. Taylor and C. L. Burns. 

Effect of methyl bromide additions on the flame speed of 
methane. C. Halpern. 


Journal of Research 67A (Phys. and Chem.), No. 2 (Mar. 
Apr. 1963), 70 cents. 


Third spectrum of palladium (Pd tt). A. G. Shenstone. 

Broadening of the rotational lines of carbon monoxide by 
HCl and argon. R. J. Thibault, J. H. Jaffe, and E. K. 
Plyler. 

Theory of frustrated total reflection involving metallic sur- 
faces. T. R. Young and B. D. Rothrock. 

Quantitative metallography with a digital computer: applica- 
tion to a Nb-Sn superconducting wire. G. A. Moore and 
L. L. Wyman. (See above abstracts.) 

Moiré fringes produced by a point projection X-ray micro- 
scope. 8. B. Newman. (See above abstracts.) 

Cyclic polyhydroxy ketones. I. Oxidation products of 
hexahydroxybenzene (benzenehexol). A. Fatiadi and 
H. S. Isbell. 

Effect of pressure and temperature on the refractive indices 
of benzene, carbon tetrachloride, and water. R. M 
Waxler and C. E. Weir. 

Pressure-density-temperature relations of fluid para hydrogen 
from 15 to 100 °K at pressures to 350 atmospheres. R. D 
Goodwin, D. E. Diller, H. M. Roder, and L. A. Weber. 

A method for determining the elastic constants of a cubic 
crystal from velocity measurements in a single arbitrary 
direction; application to SrTiO;. J. B. Wachtman, Jr., 
M. L. Wheat, and 8. Marzullo. (See above abstracts.) 


Journal of Research 67B (Math. and Math. Phys.), No. 1 
(Jan.—Mar. 1963), 75 cents. 


Evaluation of a generalized elliptic-type integral. L. F. 
Epstein and J. H. Hubbell. 

An algorithm for obtaining an orthogonal set of individual 
degrees of freedom for error. J. M. Cameron. 

Recognition of completely mixed games. A. J. 

A new type of computable inductor. C. H. 
above abstracts.) 

Numerical computation of 
currents in 
H. Oser. 

Tables of genera of groups of linear fractional transforma- 
tions. HH. Fell, M. Newman, and E. Ordman. 


Goldman. 
Page. (See 


the temporal 


development of 
a gas discharge tube. 


W. Boérch-Supan and 


Journal of Research 67D (Radio Prop.), No. 1 (Jan.—Feb. 
1963), 70 cents. 


A lunar theory reasserted—a rebuttal. J. V. Evans. 
to-point communication on the moon. L. E. Vogler. 

HF communication during ionospheric storms. G. E. Hill. 

Use of surface refractivity in the empirical prediction of total 
atmospheric refraction. W..R. Iliff and J. M. Holt. 

Effective sunspot numbers. W. B. Chadwick. 

On the theory of radio wave propagation over inhomogeneous 
earth. K. Furutsu. 

Fields of electric dipoles in sea water (a correction). W. 
Anderson. 

Composition of reflection and transmission 
Heading. 

Titheridge coefficients for the polynomial method of deducing 
electron density profiles from ionograms. A. R. Long and 
J. O. Thomas. 

Input admittance of linear antennas driven from a coaxial 
line. T. T. Wu. (See above abstracts. 


Point- 


formulae. J. 


Journal of Research 67D (Radio Prop.), No. 2 (Mar.—Apr. 
1963), 70 cents. 


The protection of frequencies for radio astronomy. R. L. 
Smith-Rose. 

Radar reflections from the moon at 425 Me/s. 
and F. L. Rose. 


G. H. Millman 
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Sunset and sunrise in the ionosphere: effects on the 
tion of longwaves. J. Rieker 

Correction of atmospheric refraction errors in radio height 
finding. B. Sweezy and B. R. Bean. 

Empirical determination of total atmospheric refraction at 
centimeter wavelengths by radiometric means. A.C. Anway. 

Propagation of radiofrequency electromagnetic fields in 
geological conductors. YV. Fritsch, translated from German 
by A. P. Barsis 

W * V reception in the 

Kk. Hill and J. R 

etahaonde for VLF 
Spies 

Perturbation method in a 
D. Fox and W. Magnus 

Some wave functions and potential functions pertaining to 
spherically stratified media C. T. Tai 

Radiatic plasma-clad axially-slotted 
= vse 

Two- and three-loop 
EK. W. Seeley 

Hallen’s method in the problem of 
slot antenna. J. Galejs 

Relative convergence of the 
f uations. R. Mittra 


of equi 


propaga- 


arctic during ionospheric disturbances. 
Herman 
radio waves. J. R 


Wait and K. P. 


problem of waveguide theory 


from a 
Rusch 


cylinder 


superdirective receiving antennas 


a cavity-backed rectangular 


solution of a doubly infinite set 


Periodicals received in the Library of the National Bureau of 
Standards, July 1962, N. J Hopper, NBS Mono. 57 (Nov 
23, 1962 Supersedes NBS Circular 563 and the 
Ist supplement to NBS Circular 563). 

Handbook for CRPL Ionospheric Predictions Based on 
Numerical Methods of Mapping, 8S. M. Ostrow, NBS 
Handb. 90 (Dec. 21, 1962), 40 cents (Supersedes Cire. 465). 

Report of the 47th National Conference on Weights and 
Measures 1962, NBS Mise. Publ. 244 (Nov. 23, 1962) 
75 cents 

Hvdraulic research in the United States 1962, H. K. 
ton, NBS Mise. Publ. 245 (Oct. 26, 1962), $1.00. 

1962 Research Highlights of the National Bureau of Stand- 

Annual Report, NBS Mise. Publ. 246 (Dec. 1962) 
«0 cents 

Quarterly radio 
corrigendum for 
WwW. Q 
Tech 

Me an ¢ leectron 
No. 8 
Di 


25 cents 


Middle- 


ards, 
noise data, March, April, May 1962 and 
Technical Notes 18-1 through 18-11, 
Crichlow, R. T. Disney and M. A. Jenkins, NBS 
Note 18 4, (Aug. 9, 1962) 50 cents. 
density variations of the quiet 
October 1959, J. W. Wright, L. R. Wescott, and 
Brown, NBS Tech. Note 40-8, (Sept. 1962), 35 cents. 
Synoptic radio metrology, B. R. Bean, J. D. Horn, and 
L. P. Riggs, NBS Tech. Note 98, (Oct. 1962), 50 cents 
Bibliography on direction finding and related ionospheric 
propagation topics, 1955-1961, O. D. Remmler, NBS Tech. 
Note 127, (Oct. 1962), 60 cents 
Equatorial spread, F. W. Calvert, 
Aug. 1. 1962). 60 cents 
The energy parameter B for 
NBS Tech Note 15 5, (July 1962 
Thermal balance in the F 
Hunt, NBS Te ch 
Spectrophotometric 
ethvle ether, W. ¢ 


1330 (Sept. 1962 


ionosphere, 


NBS Tech. Note 145 


strong blast waves, D. L. Jones, 
25 cents. 

region of the atmosphere, D. C. 
Note 162 (Sept. 1962), 50 cents. 
determination of hydroperoxide in di- 


Wolfe, Anal. Chem. 34, No. 10, 1328- 


(Analysis of the hvdroxyl radical vibration rotation spectrum 


3900 
Spectry 


between A and 15000 A, A. M. Bass and J). 
J. Mol 9, No. 2, 114-123 (Aug. 1962). 
Structure and structure imperfections of solid B-oxygen, E. M. 
Horl, Acta Cryst. 15, No. 9, 845-850 (Sept. 1962). 
Kineties of Cs* desorption from tungsten, M. D. Scheer and 
J. Fine, J. Chem. Phys. 37, No. 1, 107-113 (July 1962). 
i ffect of additives on silver iodid« particles e mpetot to pent, 
G. Burley and D. W. Herrin, J Appl. Meteorol. 1, No. 


355-356 (Oct. 1962 
Symposium on 


Garvin, 


teaching of materials: 
behavior significant to engineers, J. M 
Mech. Div.—Proc. Am. Soc 


75-81 (Aug. 1962 


Aspects of material 
. Frankland, J. Eng. 
Civil Engr. Paper No. 3246, 


Neutral meson photoproduction from complex nuclei, R. A. 
Schrack, J. E. Leiss and 8. Penner, Phys. Rev. 127, No. 5, 
1772-1783 (Sept. 1, 1962) 

Excitation of modes at very low frequency in the 
ionosphere wave guide, J. R. Wait, J. Geophys. 
No. 10, 3823-3828 (Sept. 1962 

The growth and roots of electronic 
Student Quart. and EF Digest, Joint Publ. of Am. Inst. 
Klee. Engr. and IRE 1, No. 1, 64-70 (Sept. 1962). 

Acoustical interferometer employed as an instrument for 
measuring low absolute temperatures, G. Cataland and 
H. H. Plumb, J. Acoust., Soe. Am. 34, No. 8, 1145-1146 
(Aug. 1962). 

The Hall effect, D. O. Webster, Student Quart. and EE Dig. 
pp. 82-86 (Sept. 1962). 

Dimensional changes in complete dentures on drying, wetting, 
and heating in water, G. C. Paffenbarger and W. T. 
Sweeney, J. Am. Dental Assoc. 65, No. 4, 495-505 (Oct. 
1962). — 

The vapor phase radiolvsis of propane-ds in the presence of 
other hydrocarbons, 8. G. Lias and P. Ausloos, J. Chem. 
Phys. 37, No. 4, 877-883 (Aug. 15, 1962) 

\ note on the propagation of electromagnetic pulses over the 
earth’s surface, J. R. Wait, Can. J. Phys. 40, 1264-1269 
(1962 

Surface behavior of silver single crystals in 
chloride, J. Kruger and K. H. Stern, J. 
109, No. 10, 889-894 (Oct. 1962) 

Rotational perturbations in CN I 
Zeeman effect, and microwave 
H. E. Radford and H. P. Broida, 
231-242 (Oct. 1962) 

A new ionospheric multipath reduction factor (MRF), R. K. 
Salaman, IRE Trans. Commun. Systems CS—16, 220-222 
(June 1962) 

The effect of electrolytes on the sodium chromotropism of 
bix-(meso-2,3-diaminobutane)-nickel (II) ions, D. L. Leus- 
sing, J. Harris, and P. Wood, J. Phys. Chem. 66, 1544-1546 
(Aug. 1962 

The photodisintegration of bismuth and the lead isotopes, 
E. G. Fuller and E. Hayward, Nuclear Phys. 33, 431-448 
(1962 

Comparison of the relative acidic strengths of the isomeric 
dinitrophenols in benzene and water, M. M. Davis, J. Am. 
Ceram. Soc. 84, 3623-3627 (1962) 

The basis of the measurement system, A. V 
IRE 86, No. 5, 614-616 (May 1962 

Predicting the performance of long distance tropospheric 
communication circuits, A. P. Barsis, K. A. Norton, and 
P. L. Rice, IRE Trans. Commun. Systems CS-16, 2-22 
(Mar. 1962). 

A neuron model which performs analog functions, D. R. 
Bovle, Proc. San Diego Svmp. Biomedical Engr., 
Diego, Calif., pp. 256-263 (June 19-21, 1962) 

The svstem of BisOs—BoO;, E. M. Levin and C. L. MeDaniel, 
J. Am. Ceram. Soc. 45, No. 8, 355-360 (Aug. 1962). 

Electron energy losses in solids and their influence on the 
electron diffraction diagram, L. Marton. J. Phys. Soe. 
Japan 17, Suppl. B-II, 68-73 (1961). 

Seattered radiation from large Cs'*’ sources, L, 
Health Phys. 8, No. 5, 491-498 (Oct. 1962) 

Optical detection of microwave transitions in electronically 
excited CN prose ed by a chemical reaction, R. L. Barger, 
H. P. Broida, A. J. Estin, and H. FE. Radford, Phys. Rev. 
Letters 9. No. : 345-346 (Oct. 15, 1962). 

Sum rules for vibrational-rotational energy levels including 
centrifugal distortion, H. C. Allen, Jr., and W. B. Olson, 
J. Chem. Phys. 37, No. 2, 212-214 (July 15, 1962). 

Optical constants of aluminum in vacuum ultraviolet, R. 
LaVilla and H. a ndlowitz, Phys. Rev. Letters 9, No. 4, 
149-150 (Aug. , 1962) 

Microwave re. of methyldifluoroarsine, L. es 
and C. D. Cornwell, J. Chem. Phys. 37, No. 
(Aug. 1962) 

The industrial significance of National Bureau of Standards 
research, G. M. Kline, Mod. Plastics 40, No. 2, 149 (Oct. 
1962). 

Comments on 
G. F. Engen, 


earth- 
Res. 67, 


computers, J. L. Little, 


fused sodium 
Electrochem. Soc. 


Zero-field theory, 
transition 


Phys. Rev 


optical 
probabilities, 
128, No. 1, 


Astin, Proce. 


San 


Costrell, 


Nugent 
§23-534 


‘‘A new precision low level bolometer bridge,” 
Proc. IRE 5@, No. 9, 1997 (Sept. 1962). 
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Solar particles in interplanetary space, C. 8. Warwick, Sky 
and Telescope XXIX, No. 3, 133-136 (Sept. 1962). 
The kineties of the heat precipitation of collagen, J. M. 


Cassel, L. Mandelkern, and D. E. Roberts, J. Am. Leather | 


Chem. Assoc. LVII, No. 11, 556-575 (Nov. 1962). 

Oxidation of high polymers, M. Tryon and L. A. Wall, Book, 
Autoxidation and Antioxidants II, Chapt. 19, p. 919 
(Interscience Publ. Inc., New York, N.Y., 1962). 

Vibrational-rotational spectroscopy, H. C. Allen, Jr., and 
W. B. Olson, Ann. Rev. Phys. Chem. 18, 221-240 (1962). 

Realistic diatomic potential function, H. W. Wooley, J. 
Chem. Phys. 37, No. 6, 1307-1316 (Sept. 1962). 

Absorption spectrum of carbon vapor in solid argon at 4° 
and 20° K, R. L. Barger and H. P. Broida, J. Chem. Phys. 
37, No. 5, 1152-1153 (Sept. 1, 1962). 

Rotation-vibration spectrum of matrix-isolated hydrogen 
chloride, L. J. Schoen and D. E. Mann, J. Chem. Phys. 
37, No. 5, 1146-1147 (Sept. 1, 1962). 

Very-low-frequency phase observations on the ionospheric 


effects of the solar flare of September 28, 1961, A. G. Jean 
and J. H. Crary, J 
(Nov. 1962). 
The radiant energy from sources in the far infrared, E. K. 
Opt. Soc. Am. 82, 


Geophys. Res. 67, No. 12, 4903-4905 


Plyler, D. Yates, and H. A. Gebbie, J. 
No. 8, 859-861 (Aug. 1962). 

Graphical evaluation of analytical results, W. J. Youden, 
Proc. Conf. Chemical Control Problems, pp. 1-15 (Spon. 
Natl. Plant Food Inst., Washington, D.C., 1959). 

The measurement of ionospheric drifts by means of a Doppler 
technique, K. Davies, J. Geophys. Res. 67, No. 12, 4909- 
4913 (Nov. 1962). 

Laboratory astrophysics, L. M. Branscomb and R. N. 
Thomas, Phys. Today 15, 42-44, 46 (Nov. 1962). 

Standards—-The key to success in engineering, A. T. 
MePherson, Rev. Centro Estud. Ing. 130, No. 656, 352- 
355 (1961). 

Nuclear photoeffect in deformend nuclei, E. Hayward, 
Rendiconti Della Scuola Intern. Fisica ‘‘Enrico Fermi’ 
XV, 214-222 (Academic Press Inc., New York, N.Y., 
1962). 

Standards for the future, R. D. Huntoon, Proce. Annual 
Spring Conf. Standards Engineers Society, Boston Section 
and Company Member Conf. of American Standards 
Association, May 24-25, 1962 (Boston, Mass., 1962). 

Intramolecular rearrangements in the solid phase photolysis 


of 4-methyl-2-hexanone and sec-butyl acetate, R. E 
Rebbert and P. Ausloos, J. Chem. Phys. 37, No. 5, 1158 
1159 (Sept. 1, 1962). 

The vapor phase fluorescence and its relationship to the 
photolysis of propionaldehyde and the butyraldehydes, 
R. P. Borkowski and P. Ausloos, J. Am. Chem. Soc. 84, 
No. 21, 4044-4048 (Nov. 5, 1962). 

Relaxation of nonequilibrium distributions, K. E. Shuler 
Book, Temperature, Its Measurements and Control in 
Science and Industry III, Pt. I, 27-34 (Reinhold Publ 
Co., New York, N.Y., 1962). 

Crosslinking of polymers induced by excited species, L. A 
Wall and R. B. Ingalls, J. Polymer Sci. Letter to Editor 
62, No. 173, S5—-S6 (1962). 

Standard electromotive force of the cell H.; HBr(m); AgBr 
Ag from 0 to 50°, H. B. Hetzer, R. A. Robinson, and R. G 
Bates, J. Phys. Chem. 66, No. 8, 1423-1426 (1962 

Vacuum ultraviolet photochemistry. IV. Photolysis of pro- 
vane, H. Okabe and J. R. MeNesby, J. Chem. Phys. 37, 
Jo. 6, 1340-1346 (Sept. 1962). 

Interpretation of rate experiments with resolved quantum 
levels, T. Carrington, Discussions Faraday Soc., No. 33, 
44-51 (1962). 

Hyperfine structure and intercombination line intensities in 
the spectra of magnesium, zinc, cadmium, and mercury 
R. H. Garstang, J. Opt. Soc. Am. 52, No. 8, 845-851 (Aug 
1962). 

Conformation and frictional properties of polystyrene in dilut: 
solutions, D. McIntyre, A. Wims, L. C. Williams, and L 
Mandelkern, J. Phys. Chem. 66, 1932-1940 (Oct. 1962). 

Complex formation of monomeric amides with lithium per- 
chlorate, A. F. Diorio, E. Lippincott, and L. Mandelkern, 
Nature 194, No. 4848, 1296-1297 (Sept. 1962). 

Absorption bands of carbon dioxide from 2.8 to 4.2 uw, E. K. 
Plyler, E. D. Tidwell, and W. 8. Benedict, J. Opt. Soe 
Am. 52, No. 9, 1017-1022 (Sept. 1962). 

Synthesis of higher ketoses by aldol reactions. I. Three 
p-heptuloses, R. Schaffer, and H. 8. Isbell, Org. Chem. 27, 
3268-3270 (Mar. 1962). 


*Publications for which a price is indicated may be obtained 
from the Superintendent of Documents, U.S. Government Print- 
ing Office, Washington 25, D.C. (foreign postage one-fourth 
additional). Reprints from outside journals and the NBS Jour- 
nal of Research may often be obtained from the authors 
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